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[Sep 8, 2026]

This two-month lecture provides an introduction to the sophisticated theory
of Fourier analysis. The one-dimensional case is particularly emphasized,
serving as motivation and providing examples for the illustration of the gen-
eral theory. It also helps to connect the various concepts encountered in
the theories of ordinary differential equations (ODEs), functional analysis,
complex analysis, harmonic analysis and many other fields. Due to time
constraints and the ambitious goal, we are unable to define all the related
mathematical concepts rigorously, and instead aim to draw the audience’s
interest to the relevant theory. (The footnotes are left as exercises to the
audience.) Finally the application to partial differential equations (PDESs) is
demonstrated.

1 Fourier series

1.1 Examples of boundary value problems

1.1.1 An ODE with Dirichlet boundary condition

Consider the boundary value problem for a second-order ordinary differential
equation on the interval [0, 7],

u'(x) + Au(z) =0 on (0,7), u(0)=wu(r)=0. (1.1)
We consider three different cases:
o Case A < 0.
The following two functions are the fundamental solutions for the ODE
u'(z) = —Au(x)
e\/j.l’ _ e—\/j/\x

sinh(v—Azx) = 5 ;

s VR o8

cosh (vV—Az) = ‘ +26 ,

The boundary conditions imply that the solution should be zero. i
e Case A =0.

A regular solution of u”(z) = 0 is a linear function u(z) = ax+b, which
is 0 due to the boundary conditions.

4One can also argue from another perspective: We take the L?(0,7)-inner product
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e Case A > 0.

The following two functions are fundamental solutions for the ODE
u'(z) = —du(x)

eiﬁx _ efiﬁ:v
sin(vz) = 5; :
i
vz —iv Az
cos(VAz) = ‘ —;6 :

The boundary conditions imply that the solution should be a linear
combination of

sin(nx), n=12--

To conclude, there is an infinite set of discrete values of \:
)\:nQ’ n:172’...

such that the boundary value problem (@) has a nontrivial solution. These
values n?, n € N are called the eigenvalues of the (eigenvalue) problem ([L.1)
and the functions

up(z) = bysin(nz), neN, b, eR(or C)

are the corresponding eigenfunctions. The concept of eigenvalues and eigen-
functions becomes clearer in Section below.

1.1.2 Fourier’s idea to solve the heat equation

Consider the one-dimensional initial-boundary value problem for the (real-
valued) heat equation

Oyt — Ogeu = 0 on (0,00) x (0,7),
uw(0,2) = f(z) x€(0,m), (1.3)
u(t,0) =u(t,7) =0 te(0,0),

between the equation and the solution u itself, to obtain by integration by parts
™ ™
—/ |u'|? da —|—)\/ |u|? dz = 0. (1.2)
0 0

This implies, if u is a regular solution (e.g. in H'(0,7)), then u = 0. This argument can
be easily generalized to the case when A € C with Im A # 0, where u = 0 (in H'(0,7))
follows.
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where the compatibility condition is satisfied

f(0) = f(m) =0,

and we assume that f is not identically zero: f # 0.
J. Fourier! made the following Ansatz (separation of variables)

u(t,z) =T(t) X (z).
This leads to the following:
o T'(t)X(x) —T(t)X"(x) =0, which implies (at least formally),

T X'()
Tt)  X(x)

= —\ for some constant \.

e T(t)X(0)=T(t)X(m) =0 for all time ¢, which implies
X(0) = X(m)=0.

. T(0)X(2) = f().

From the ODE results above, if f # 0 and one searches for nontrivial (real-
valued) solution, A can “only” take the value n? for some n € N, and X (z) is
a multiple of sin(nz), and in this case, the time function T(t) = T(0)e ™"
That is, if the initial data is

f(z) = b, sin(nx),

for some n € N and some constant b,,, then the problem () has a (unique)
solution

2 by sin(nz)

T(0) = bye " sin(na).

u(t,z) =T)X(x) =T(0)e

If the initial data is a finite sum of sine functions
N

f(z) = Z b, sin(nx),
n=1

then by the superposition principle the solution is

N
u(t,x) = Z bpe ™ sin(nz).
n=1

®Joseph Fourier, Théorie Analytique de la Chaleur. Chez F. Didot, 1822 (Firstly pre-
sented to Institute de France in 1807).
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Thus, formally, if we can expand the initial data f(x) as a sine series

f(z) = Z b, sin(nx), (1.4)

then the following function (when it is well-defined) is a solution of ()

A function with such an expansion ([L.4) (nowadays called Fourier sine series)
“seems” very special. For half a century around 1800 there was a great debate
whether such a series expansion holds only for specific functions.

1.2 Spectral theorem and Fourier series

We claim that any function in the functional space

{feC*([0,7])] £(0) = f(r) = 0} (1.5)

can be expanded as Fourier sine series. Historically one can make use of the
Weierstrass approximation theorem and the density of trigonometric func-
tions in the space of polynomial functions to prove this statement. Here we
illustrate this in modern mathematical language.

We can reformulate (@) as the following eigenvalue problem

Au = Au, (1.6)
where the operator A is defined byE
A:D(A) - X, A(u)=—u"for ue D(A). (1.7)

Here we take the underlying inner product space and scalar product below
X =C(0.7C), Gy [ unds,
0

and the domain of the operator A is a subspace of X:

D(A) = {ue C*([0,7]) |u(0) = u(r) = 0} = X.

6There is a certain conceptual mismatch between the classical setting of continuous
functions and the spectral-theoretic framework, which is more naturally aligned with
spaces such as L%(0, 7). For example, one may define A : HZ(0,7) = D(A) — L?(0,7).
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The induced norm on X is

1
Jull = <u, w2,

and the distance between v and v is |u —v|. Note that D(A) and X are not
complete with respect to the defined metric.
Recall that the Lebesgue space

L*(0,7) ={f is Lebesgue measurable on (0, ) |

1
2

Hf”LQ(Oﬂ' - ‘f |2d$ < OO}/ ~

where

o The integral is understood in the sense of Riemann-Lebesgue:

1

liom = (2 [~ mle e 0)[15) > a})da)

« The equivalence ~ means identity almost everywhere (a.e.):
f~gem({ze(0,m)|f(z)#g(x)}) =0.

The Lebesgue space L*(0,7) is endowed with the scalar product {-,-), and
is a Hilbert space. By the density of the spaceB of test functions C*(0,7)
in L?(0,7), the closure of C*(0,7) < D(A) X in the Lebesgue space
(L2(0,7),{-,-)) is the Lebesgue space itself

—2 2 L2

X" =DA) =C20,x) = LX0,7).

1.2.1 Resolvent computation

From the ODE results above (recalling (@)), the eigenvalues and normalized
eigenfunctions of the operator A are

2
Ao =102 u, = \/;Sin(nx), neN, (1.8)

with HunHLQ(O’ﬂ-) = 1.
[Sep 8, 2026]
[Sep 9, 2026]

"The density result also holds on the whole line or in higher dimensions.
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We now compute the resolvent of A at A = —1 ¢ N, that is, we compute
Ru(—=1) = (A+1)"': X — D(A). That is, for a given function g € X, we
seek the solution u € D(.A) of the following boundary value problem for the
inhomogeneous ODE:

—u"+u=g, u(0)=u(r)=0. (1.9)

It suffices to compute the Green function of this boundary value problem.
The homogeneous equation —u” + u = 0 has fundamental solutions

The solution satisfying the boundary condition «(0) = 0 is a multiple of
o(r) =€ —e ",

while the solution satisfying the boundary condition u(7) = 0 is a multiple
of

P(x) = e (mw) _ emw,

Their Wronskian W (¢, ) = o' — ¢'1p = det (:f, :f,) is independent of z B
and is given by

W(g,9) =2(e" —e™™).

The Green functionE is

—Q;g();/jfby)) for z <y
Glay) = H(1)¥(x)
x
_w}l(w) for z >y
et g gr(at) _ grlemyl _ gmrtlay
W(op,v)

Thus the unique solution of (@) readsld

u(z) = /07r G(z,y)g(y) dy, (1.10)

81t follows from Abel’s identity (also called Liouville’s formular).

9The — sign before the quantity w();b’fpy)) or W()(;lsz)) in the definition of the Green
function here is due to the — sign before the highest order derivative 0., in the equation
(@), which (usually) is assumed to be + in the standard formulation of ODE.

10The unique solvability of the inhomogeneous problem ([L.9) follows from the fact that

the homogeneous problem (EI) with A = —1 has only trivial zero solution, by the Fredholm
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that is,

Ra(—1)g(z) = (A+1)"g(x) = /OW G(r,y)g(y)dy .

One may verify that

e Ra(—1): X — D(A).
This follows immediately from ()

e R4(—1)is acompact operator in X. That is, for any bounded sequence
(gr)x in X, the function sequence (R 4(—1)gx)x has a subsequence which
converges in X.

This follows from the properties of G and a compactness argument,
e.g. Arzela-Ascoli theorem.

e R4(—1) is symmetric. That is,
(Ra(=1)g,h) ={g. Ra(=1)h), V¥g.heX.
This follows from the symmetry property of G(x,y) = G(y,z) € R.

1.2.2 Spectral theorem and Fourier sine series

Spectral theorem@ states that given an infinte-dimensional inner product
space X and a compact symmetric operator R : X — X, there exists a
sequence of real eigenvalues (z,), < R converging to 0. The corresponding
normalized eigenvectors (v,,), form an orthonormal set and every f € Ran(R)
can be written as

f= 2 fs vnyvn.
n=1

If Ran(R) is dense, then the eigenvectors form an orthonormal basis.

alternative theorem.

The unique solution of (@) can be represented by Green function () u(z) =
fom G(z,y)g(y)dy + f; G(z,y)g9(y) dy , where the Green function has the following prop-
erties

° G(xay) € O([07W]2)7 G(l‘,y) € CQ(AJ_F) with Ai = {(xvy) € [0771-]2 | + (1‘ - y) < 0}7
and 0,G has a jump at the diagonal line: 0,G(z,z — 0) — 0,G(z,x +0) = —1;

o G(-,y) satisfies the homogeneous ODE (with respect to x variable) in A4 and the
boundary conditions.
11We don’t give the proof here.

9 [SEPTEMBER 15, 2026]



Thus for the compact symmetric operator R4(—1) in X, there exists a se-
quence of real eigenvalues (z,) — 0 and the corresponding normalized eigen-
functions
(vn) © D(A),  onll = (on,vn) = 1,
L2
which form an orthonormal basis in the closure of its range Ran(R4(—1)) =

D(A)L = L?(0, ). That is, for any f € L?(0, ), we can expand it as follows:

F=" ., vnpvn.

Now we return to the operator A. The fact that R4(—1)v, = z,v, is equiv-
alent to

1
Av, = (=1 4+ —)v,,

that is, v, is a normalized eigenfunction of 4 associated with the eigenvalue
-1+ i which tends to infinity. Recalling (@), we find

1 2
Ap=n=—-1+—, un:\/jsin(m:):vn.
Zn m

To conclude, the expansion f = > {f v,v, for any function f e L?(0, )

is indeed (@)
f= i bpsin(nz), b, = \/%{f, V) = %/Oﬁ f(x)sin(nz) dx.

This is the Fourier sine series. Let us emphasize here that the series is
converges with respect to our scalar product, i.e. in the sense of L?(0, ).
We remark that if the function f € D(A), then the sine series converges
uniformly to_f. The convergence of Fourier series is discussed in more detail
in Sections [L.3 and [L.4 later.

[Sep 9, 2026]
[Sep 15, 2026]

1.2.3 Eigenvalue problem with Neumann boundary condition

Instead of Dirichlet boundary condition studied in Section , we consider
the Laplace eigenvalue problem associated to the Neumann boundary condi-
tion. More precisely, we consider the eigenvalue problem

Bu=Mu, B:D(B)—X, B(u)=-u"forue D(B), (1.11)
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where the domain of the operator B is
D(B) = {ue C*([0,7]) [«'(0) = u'(7) = 0} = X,

with X = C([0, 7]; C) equipped with the inner product (-, -).
The same analysis as in Subsection [1.1.1| yields the following eigenvalues and
normalized eigenfunctions

1 2
Mo =0, \,=n? uOZ\/j, un:\/jcos(nx), neN.
T T
) X

— D(B) in terms of Green

We can then compute the resolvent Rg(—1

function
¢5(x)Y5(y)
- —W fOI' T < Yy
Ra(~Dh(z) = | Gale.p)hly)dy,  Gale.y) = o
0 Y x
“Wesws) OTT=Y

and verify that it is compact and symmetric, as in Subsection @ Finally
the spectral theorem ensures that any function f € L?(0, ) can be expanded
as Fourier cosine series

0
f=ao+ Z a, cos(nz),

n=1
1 [7 2 ("
ao:—/ f(z)dz, an:—/ f(z)cos(nz)dr, mneN,
™ Jo 0

™

in the sense of L?(0, 7).

1.2.4 Full Fourier series
We now consider the eigenvalue problem
Cu=MXu, C:D(C)—-Y, C(u)=—u"forue D(C), (1.12)
where
o Y =C([-m,7];C) is equipped with the inner product (-, )r2(_xx);
 we assume periodic boundary conditions on the interval [—m, 7]

D(C) = {ue C*([=m, 7)) |u(-m) = u(r), o (-n)=1d(n)}cY.
12We omit the details here.
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There are eigenvalues

and the corresponding normalized eigenfunctions

1 1 1.
wo =15 {un,vn}z{\f;cosmx), \Esmm)}, neN.

The spectral theorem implies that any function f € L?(—7,7) can be ex-
panded as Fourier series in the sense of L*(—,7):

f—a0+2ancosnx —i—Zb sin(nx) / f(x

/ f(x) cos(nz) / f(x)sin(nz) neN.

Observe that

o If f e C(]—m,n]) is an odd function, then ag = a,, = 0, and hence the
full Fourier series of any odd function on (—m, 7) coincides with Fourier
sine series on (0, 7) in the sense of L?(0, ).

Conversely, if f € C([0,7]) with Dirichlet boundary condition f(0) =
f(m) =0, then one can extend it to an odd function in C([—7,7]) sat-
isfying f(—mn) = f(0) = f(m) = 0, and the Fourier sine series coincides
with the full Fourier series on (0, ) in the sense of L?(0, 7).

This is the physical intuition why the Fourier sine series is “complete”
on [0, 7].

o If f e C(]—m,n|) is an even function, then b, = 0, and hence the full
Fourier series of any even function on (—m,7) coincides with Fourier
cosine series on (0, 7) in the sense of L?(0, ).

Conversely, if f € C([0,7]) with Neumann boundary condition f'(0) =
f'(m) = 0, then one can extend it to an even function in C([—m, 7))
satisfying f'(—m) = f'(0) = f'(w) = 0, and the Fourier cosine series
coincides with full Fourier series on (0, 7) in the sense of L?(0, 7).

» Replacing

i (einx _ e—inx)’

1 . )
cos(nx) = =(e™ + e "), sin(nr) = —
2 2
i
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we can rewrite the full Fourier series in the elegant complex form

L e

1 1
¢ = ~a, f —zna: dl’ ne N,
V2T 2 /
1 1 —i(—n)z
\/_270—71, = §an — an = % f(:(:)e d[L‘, neN.

1.3 Pointwise convergence of Fourier series

The spectral theorem guarantees the convergence of Fourier series

flx) = \/%nioo cn€™ cp = \/% /:r f(z)e ™ dz (1.13)

in the sense of L?(—m, 7). There is a long history of mathematicians search-
ing for the convergence of the partial sum of the Fourier series

Sy f(x Z €™, ¢, = \/%/_Z f(z)e ™ dz (1.14)

as N — oo, at first in the sense of pointwise convergence.

1.3.1 Dirichlet kernel

The first positive results is due to P.G.L. Dirichlet (1829). He rewrote the
partial sum of a 2m-periodic function as

SNf Z 7int dt 6in:v

n=

1 T -
_ ¢ in(x—t) dt
o 2 (e

n=—

-/ " F(t)Dy(a — t)dt = / " fle — D) dt = (f » Dy)(x).

where Dy is the so-called Dirichlet kernel

LN
:2_22
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1
= —(1+2cosy +2cos(2y) + - - - + 2cos(Ny))
T

= sz () + (5n(5) —sinG) + (sn(G) —sin(u))+
+ -+ 4 (sin((V + %)y) —sin((N — %)y)))
_ sin((N + 3)y)
2rsin(ly)
Observe that Dy (y) satisfies
/ Dy(y)dy =1 and |Dy(y)| < m if 6 <yl <. (1.15)

Notice that [" [Dy(y)|dy is growing in terms of N of the rate InN;

/HDmmmwvi_ﬂﬂﬂﬁiiﬂmy:llwmﬂq+wwﬁy+mm

o 2 sin(5y) T 3V
2 (N7 |sint| 2 & DT | sing
== dt 1) == 1
/ 2l +o(1) WZ/IW e+ 0(1)
k=0
™ | sint|
=z di 1
Z/ t+ km +0(1)
:E/ s1nt<Z ! >dt +0(1) = O(ln N). (1.16)
T Jo = t+km

We claim that the pointwise convergence of a Fourier series at some point
x depends on the regularity /smoothness of the function at x, and hence
is (surprisingly) a local property (cf. Riemann’s “second theorem” in his
Habilitation thesis®?), although the definition of Fourier series depends on
the values of this function on the whole interval [—, 7]. To see this, consider
first the special case f € L?(—m, ) which satisfies f = 0 on a neighborhood
of z: (r —d,z+ ), and we compute

Sfto) = [ fe—n =ty

13This growth is the reason for the failure of the pointwise convergence of Fourier series
for continuous functions, see du Bois-Reymond’s negative result later.

Bernhard Riemann, Ueber die Darstellbarkeit einer Function durch eine
trigonometrische Reihe. Abhandlungen der Koéniglichen Gesellschaft der Wissenschaften
zu Gottingen 13, 87-132, 1867. (Habilitationsschrift, Gottingen, 1854)
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1 1 1 vatrn et
% f( )m1{5<‘y|<ﬂ}(2 ( (N+2)y_e (N+2) y)) dy
- L Tr(f(ff—y)—la A e dy
2 J_, sin(3y) toslvismi o
o [ (P ) Laien e ) dy
2 ). sin(3y) toslvlsmig; '

This is the difference of the Fourier coefficients of two integrable functions
at —N and N, both of which tends to 0 as N — co: At this point x, by the
Riemann-Lebesgue lemma

Jm Sy f(x) = 0= f(z).

1.3.2 Dini’s criterion and du Bois-Reymond’s counterexample

Now we consider the function f with general behavior on (z — 4,z + ) and
compute (due to the unit size of the integral of Dy)

sust st = [ (e sV b= [ o

o 27 sin(

Dini’s criterion If we assume the following continuity condition for the
function f at the point x:

/|y|<6

for some 0 > 0, then all the functions

fla—y) = fl=), L sty flo—y)— fl2), 1 iy
SlH(%y) {\y|<6}2 ’ Sll’l(%g) {o<|yl<m} 2%

f(m_y;_f(x)’dy < o0, (1.17)

15For any integrable function ¢ which is periodic on R with period 27, we compute

R 1 4 N 1 4 . x
g(N):=E/ g(y)e N dy :_E/ g(y)e " NWTR) dy

, 1
e N dt = ——— [ gly -

1
o L var |

%)6_“” dy,

and thus

—iNy 1 1 g T

Q(N):\/%[ g(y)e V=57 ) (()*g(yfﬁ))e’mydy.

If g is continuous, then its Fourier coefficient §(N) tends to 0 as N tends to infinity. If
g € L'(—m, ), then we can approximate it with some continuous function to derive the
convergence result.
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are integrable on [—m, 7], and hence Riemann-Lebesgue lemma implies
Snf(z) — f(x) as N — oo.

The continuity property () is called the Dini’s criterion (1880)E for the
pointwise convergence of Fourier series.
Any Holder continuous function f € C* such that |f(x —y) — f(x)] < Cly|*
for |y| < § for some 0 > 0 satisfies the Dini’s criterion () In particular,
Fourier sine series in () converges uniformly on [0, 7] to the function f in
(TE))
[Sep 15, 2026]
[Sep 16, 2026]

Du Bois-Reymond’s counterexample However, continuous functions
need not satisfy Dini’s condition, and we have the negative result by P. du
Bois-Reymond (1873)E: There exists a continuous function whose Fourier
series diverges at a point.

We don’t follow his original proof, while apply the Banach-Steinhaus theo-
rem (so-called uniform boundedness principle) instead to show this negative
result. To this end, let@

Z ={f e C([=m,7[;C) ||| flloo := $UP se[-rm| f ()| < 20} = Cy([—m,7];C)

denote the usual continuous function space on [—m, 7], which is a Banach
space. Let {Tn}y be a family of linear bounded operators from Z to C,
which is a normed vector space, given by

Tw: 7 —C, via Tnf = (Sxf)0) = [ F(t)Du(t)dt,

sin((NJr%):v)
27 sin(%:{:)

where Dy (z) = . By Banach-Steinhaus theorem, either

sup [Tl 7 < =,
or there exists an element f € Z such that

sup y|Tn f| = 0.

16Ulisse Dini, Serie di Fourier e altre rappresentazioni analitiche delle funzioni di una
variabile reale. Pisa: Tipografia T. Nistri, 1880.

17Paul du Bois-Reymond, Uber die Fourier’schen Reihen, Nachrichten der Koniglichen
Gesellschaft der Wissenschaften und der Georg-August-Universitat zu Géttingen, 1873.

18The space Z here is different from the space Y given in ([L.12).
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For any fixed N € N, Dy has only a finite number of zeros, and hence
sgn (Dy) has only a finite number of jumps. Thus for any € > 0, there exists
a continuous function f such that

™

HfHOO =1and TNf = dN — &, dN = / |DN(t)| dt.

—T

Obviously the operator norm ||Ty|z_c is bounded by dy, and therefore
ITn|z-c = dn- (1.18)
Recall () dy = O(InN) as N — oo, and hence
ITn|z—c =O(nN) as N — oo.

Banach-Steinhaus theorem then implies that there exists a continuous func-
tion f such that

|Tnf] = [(Snf)(0)] = o0 as N — .

To conclude, we find a continuous function f € C'([—m, 7]), which is uniformly
bounded on [—m, 7|, while |(Syf)(0)] — oo, and hence (Syf)(0) - f(0) as
N — 0.

1.3.3 Dirichlet-Jordan’s criterion

The Jordan’s criterion (1881)E investigates this pointwise convergence prop-
erty from another perspective. Namely, if the function f has a bounded vari-
ation in the neighborhood of the point x, then the pointwise convergence
holds in the following sense:

Jm Sy f() = 5 (f —0) + f(z+0)). (1.19)

We give a short proof here. Since every function of bounded variation is the
difference of two monotonic functions, we assume without loss of generality
that f is monotonic in some neighborhood of the point x. Since Dy(t) =
Dy(—t), we rewrite

0

Sy f(x) = / " He—0Damdt + [ fle— 0Dyt di

—T

9 Camille Jordan, Sur la série de Fourier, Comptes Rendus de I’Académie des Sciences
de Paris, 1881.
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_ / (e =)+ flz + ) Dy dt,

and it suffices to show for any monotonic function g, it holds

Jim 0”g<t>DN<t> at = 29(0). (1.20)

Indeed, one may assume further g(0,) = 0, then for any € > 0 there exists
§ > 0 such that |g||s) < €, and there exists & € [0, 0] such that

/0 () Dy (t)dt — /0 g(t)lZN(t)dt+ /5 o(8) D (t) dt
= 5_ N N )
9(6.) /g Dy(0)dt + [ a(D(0)dt

where the second equality follows from the second mean value theorem for
integrals@. The first integral above is bounded by

sin( sin N—|—
o [0 ) <o [ —dtm)
27rsm t
t -
() < e
(N+3)¢

while the second integral tends to 0 as N — o0 by Riemann-Lebesgue lemma.
Hence (@) holds and correspondingly () follows. In particular, if f is
continuous and has a bounded variation in a neighborhood of z, then

lim Sy f(x) = f(x).

20Given any monotonically increasing function g and continuous function f on [a, b], we
compute further the following Lebesgue-Stieltjes integral as

/ f(z)dg(z / [l dg )) (9(b) —g(a))[%}g]lﬁmax[a,b]f}
Thus there exists £ € [a,b] such that fa f(@)dg(z) = f(&)(g9(b) — g(a)), which is the

second mean value theorem for Stieltjes integrals. The same result holds for monotonically
decreasing functlon g.

Now let F'(x f f(t)dt, then we use integration by parts and the second mean value
theorem above to derive
b b
|t as - / Fla F@g@) - [ Fle)dgto)

b £
— F(b)g(b) — F()(9(b) — 9(a)) = g(b) /E Fa)d + g(a) / f(z) da
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The classical Dirichlet’s pointwise convergence criterion (1829)@:

« f is bounded and piecewise continuous;

f has a finite number of maxima and minima,

is a special case of Jordan’s criterion.

1.3.4 Fejér’s kernel

The pointwise convergece theory for Fourier series of continuous functions
was “rescued” by L. Fejér in 1900 B4, Instead of the natural partial sum of
Fourier series where Dirichlet kernel Dy is involved, L. Fejér made use of the
arithmetic means of partial sums (Cesaro’s summation)

1 N
= — S
N N+1kZ_O o

and the associated Fejér kernel

Fv) = 5 5 D)
1 1 sm( y) +sin(3y) + sin(3y) + - - - + sin((N + 3)yss)
T N+127 sin(3y)

_ 1 1 cos0—cos((N+1)y)
- N+4+12r 2(sin(3y))?

11 /sin(3(N+1)y)
:N+1%< sin(3y) ) >0

Note that unlike the sign-changing Dirichlet kernel Dy, Fy = 0 is nonnega-
tive. Fly satisfies also ([L.15):

N 1 1 1 .
/FN()dy—landFN() 1o R TS M <

and is an approximate identity. Then we have immediately that for any
continuous function f e C([—m,]),

]\lfl_rgo sSup x€[77T77I'1|(0-Nf)(1‘) - f(fli')| =0.

2lpeter Gustav Lejeune Dirichlet, Sur la convergence des séries trigonométriques qui
servent a représenter une fonction arbitraire entre des limites données, Journal fiir die
reine und angewandte Mathematik (Crelle’s journal), 1829.

22Lipé6t Fejér, Sur les fonctions bornées et intégrables, Comptes rendus hebdomadaires
des séances de I’Académie des sciences, 1900.
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Indeed,

o)) = 1@ = | [ (fe=1) = s@) F(o) |
x T — - T FNt dt 2 0 FN d s
< [ @t f@IEe a2l [ Py

s<lt|<n

where ¢ can be chosen such that the first integral be arbitrarily small, while
for any fixed ¢, the second integral tends to 0 as N tends to oo.

The above argument can be used to show the LP(—7, m) convergence of f by
onf for p e [1,00), as long as one notes limy_q || f(z —t) — f(z)||p» = 0 for
p € [1,00). This implies the following facts:

e The trigonometric polynomials are dense in LP(—m, 7), p € [1,0).

o If f is integrable with ¢, = 0 for all n € Z, then f is identically zero.

1.4 Convergence in norm of Fourier series

We have already achieved the satisfactory convergence result of Fourier series
in the sense of L?>(—m, ) by the spectral theorem:

dim ISnf = fle2(enmy =0, VfeL*(—m, 7). (1.21)
—00

where the partial sum Sy f is defined in ([l.14). Furthermore, the mapping
[~ (c,) is an isometry from L?*(—7,7) to (*(Z), that is,

0

1£[Fenm = D leal (1.22)

n=—0o

We may also ask whether the convergence result () holds in the sense of
LP(—m, ).

o Case p = .

Du Bois-Reymond’s counterexample in Subsection gives the neg-
ative answer for the case p = o0.

o If pe[l,), we have the following equivalence relation for p € [1, o0):

ISvf = fleo(-nm — 0as N - o0, Vfe LP(—m,m) (1.23)
< 3C = C, such that uniformly in N, |Sy|rr(—rm)—>Lr(—rm < C.
(1.24)

This equivalence relation follows from the following facts:
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— Density property: C°(—m, ) is dense in LP(—m, 7);

— Uniform convergence and hence convergence in LP-norm for a
dense subset C°(—m, m): Forany p € C°(—n,7), | Sne—¢| 1r(—mm) <

1
(2m)7||Sne — @[ Lo (—rm) — 0 as N — 0,

and the decomposition Sy f — f = Sn(f —¢) + (Snvp — ) + (¢ — f).
Therefore

— Casep=1.
Similar as the analysis for the norm of Ty in (), we obtain

ISn|zimpr = O(InN) as N — oo,

and thus the convergence statement () fails for p = 1.
— Case p e (1, 0).
We claim that the convergence result () for p € (1, 00) follows

from the LP-boundedness of the conjugate function discussed be-
low.

1.4.1 Conjugate function and Riesz projections

In the functional setting of L?(—m, ), we have shown ()
~ 1 & )
T eine n)=c¢, = — e "™ dx. (1.25
o= 3 Floer, === [ g0 (1.25)
We define the conjugate function of a function f askd

~

H(f)(z) = @ Z —isgn (n))f(n)e™, (1.26)

where sgn (0) = 0, as well as Riesz projections Py by b4

23We will discuss the counter part, namely the Hilbert transform, on the whole line in
Subsection 3.3.2 later.

24Hardy space Li consists of L? functions with Fourier transform supported on the
domain {n > 0}, that is L2 = {P+f | f € L?}. Tt identifies holomorphic functions F on
the unit disc such that sup 1 ["_|F(re?)|?df < oo.
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-1

2 f ’LTL:L‘ .

n=—o

P_(f)(x

w

Then the following relations hold

~

f=Pof)— P(f). Pu(f)+ P_(f) =iH(f) + %f( )

or equivalently,

PP = 5 (0 £ 1+ = F0).

We now reformulate the partial sum Sy in terms of Riesz operator P, and
multiplication operators e?V®, 2N We first rewrite

—sz Z f GZN zn:c

where we compute for any g € L*( ) that
1 2N 1 0 1 0
S g = —— Y g - Y G
2m n=0 2m n=0 2m n=2N+1

— P+(g) . ei(2N+1):p
To conclude, we can represent the partial sum operator Sy as
SNf — efiNa:PJr(feiN-) o ei?Na:PJr(fefiZN).

Since the multiplication operator €“*, a € R is a bounded operator on LP-
space with operator norm 1, we derive for all N € N,

HSNHLP(fW,ﬂ)HLP(fﬂ',W) < 2”PJrHLp(*T(',TI')HLp(*T(,TF)?

which is bounded by the norm |H|zs(—xx)—Lr(—rx), UP to some constants.
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The fact?d that ‘H is a bounded operator in LP(—m, ), p € (1,00) implies the
uniform LP-boundedness of Sy in ([l.24), and hence the convergence result
(@) holds for p € (1, o).

Historically, the LP(—m, ), p € (1, c0)-norm convergence of Fourier series was
established by M. Riesz (1927) B4 who proved the L” boundedness of the con-
jugate function for p € (1,00). A modern proof rests on the Marcinkiewicz
interpolation theorem?! interpolating the L? isometry () against Kol-
mogorov’s weak (1, 1) bound® yields the strong (p, p) inequality for p € (1, 2),
while the range p € (2, 00) follows by duality, the adjoint of the conjugation
operator being its own negative.

The real-variable form of the argument is due to Calderén and Zygmundﬁ,
whose decomposition replaced the complex-analytic proofs and supplied the
weak (1,1) estimate for general singular integrals in R”; in this formulation
the decisive object is the maximal function® sup ~q|Q;f| for the conjugate
function and sup ,<1| P, f| for the Poisson kernel, whose weak (1, 1) and strong
(p, p) bounds govern pointwise and norm behaviour alike, and whose partial-
sum analogue sup y|Sy f| is precisely what later carried the problem from
norm convergence to almost-everywhere convergence.

Z>We don’t give the proof here, which can be found e.g. in [3, Subsection 4.1.2].

26Marcel Riesz, Sur les fonctions conjuguées, Math. Z. 27, 218-244, 1927 (announced in
Les fonctions conjuguées et les séries de Fourier, C. R. Acad. Sci. Paris 178, 1464—-1467,
1924).

27J6zef Marcinkiewicz, Sur Iinterpolation d’opérateurs, C. R. Acad. Sci. Paris 208,
1272-1273, 1939.

28 Andrey Nikolaevich Kolmogorov, Sur les fonctions harmoniques conjuguées et les séries
de Fourier, Fund. Math. 7, 23-28, 1925.

29 Alberto Pedro Calderén and Antoni Zygmund, On the existence of certain singular
integrals, Acta Math. 88, 85139, 1952.

30Godfrey Harold Hardy and John Edensor Littlewood, A maximal theorem with
function-theoretic applications, Acta Math. 54, 81-116, 1930.
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