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[Sep 8, 2026]

This two-month lecture provides an introduction to the sophisticated theory
of Fourier analysis. The one-dimensional case is particularly emphasized,
serving as motivation and providing examples for the illustration of the gen-
eral theory. It also helps to connect the various concepts encountered in
the theories of ordinary differential equations (ODEs), functional analysis,
complex analysis, harmonic analysis and many other fields. Due to time
constraints and the ambitious goal, we are unable to define all the related
mathematical concepts rigorously, and instead aim to draw the audience’s
interest to the relevant theory. (The footnotes are left as exercises to the
audience.) Finally the application to partial differential equations (PDESs) is
demonstrated.

1 Fourier series

1.1 Examples of boundary value problems

1.1.1 An ODE with Dirichlet boundary condition

Consider the boundary value problem for a second-order ordinary differential
equation on the interval [0, 7],

u'(x) + Au(z) =0 on (0,7), u(0)=wu(r)=0. (1.1)
We consider three different cases:
o Case A < 0.
The following two functions are the fundamental solutions for the ODE
u'(z) = —Au(x)
e\/j.l’ _ e—\/j/\x

sinh(v—Azx) = 5 ;

s VR o8

cosh (vV—Az) = ‘ +26 ,

The boundary conditions imply that the solution should be zero. i
e Case A =0.

A regular solution of u”(z) = 0 is a linear function u(z) = ax+b, which
is 0 due to the boundary conditions.

4One can also argue from another perspective: We take the L?(0,7)-inner product
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e Case A > 0.

The following two functions are fundamental solutions for the ODE
u'(z) = —du(x)

eiﬁx _ efiﬁ:v
sin(vz) = 5; :
i
vz —iv Az
cos(VAz) = ‘ —;6 :

The boundary conditions imply that the solution should be a linear
combination of

sin(nx), n=12--

To conclude, there is an infinite set of discrete values of \:
)\:nQ’ n:172’...

such that the boundary value problem (@) has a nontrivial solution. These
values n?, n € N are called the eigenvalues of the (eigenvalue) problem ([L.1)
and the functions

up(z) = bysin(nz), neN, b, eR(or C)

are the corresponding eigenfunctions. The concept of eigenvalues and eigen-
functions becomes clearer in Section below.

1.1.2 Fourier’s idea to solve the heat equation

Consider the one-dimensional initial-boundary value problem for the (real-
valued) heat equation

Oyt — Ogeu = 0 on (0,00) x (0,7),
uw(0,2) = f(z) x€(0,m), (1.3)
u(t,0) =u(t,7) =0 te(0,0),

between the equation and the solution u itself, to obtain by integration by parts
™ ™
—/ |u'|? da —|—)\/ |u|? dz = 0. (1.2)
0 0

This implies, if u is a regular solution (e.g. in H'(0,7)), then u = 0. This argument can
be easily generalized to the case when A € C with Im A # 0, where u = 0 (in H'(0,7))
follows.
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where the compatibility condition is satisfied

f(0) = f(m) =0,

and we assume that f is not identically zero: f # 0.
J. Fourier! made the following Ansatz (separation of variables)

u(t,z) =T(t) X (z).
This leads to the following:
o T'(t)X(x) —T(t)X"(x) =0, which implies (at least formally),

T X'()
Tt)  X(x)

= —\ for some constant \.

e T(t)X(0)=T(t)X(m) =0 for all time ¢, which implies
X(0) = X(m)=0.

. T(0)X(2) = f().

From the ODE results above, if f # 0 and one searches for nontrivial (real-
valued) solution, A can “only” take the value n? for some n € N, and X (z) is
a multiple of sin(nz), and in this case, the time function T(t) = T(0)e ™"
That is, if the initial data is

f(z) = b, sin(nx),

for some n € N and some constant b,,, then the problem () has a (unique)
solution

2 by sin(nz)

T(0) = bye " sin(na).

u(t,z) =T)X(x) =T(0)e

If the initial data is a finite sum of sine functions
N

f(z) = Z b, sin(nx),
n=1

then by the superposition principle the solution is

N
u(t,x) = Z bpe ™ sin(nz).
n=1

®Joseph Fourier, Théorie Analytique de la Chaleur. Chez F. Didot, 1822 (Firstly pre-
sented to Institute de France in 1807).
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Thus, formally, if we can expand the initial data f(x) as a sine series

f(z) = Z b, sin(nx), (1.4)

then the following function (when it is well-defined) is a solution of ()

A function with such an expansion ([L.4) (nowadays called Fourier sine series)
“seems” very special. For half a century around 1800 there was a great debate
whether such a series expansion holds only for specific functions.

1.2 Spectral theorem and Fourier series

We claim that any function in the functional space

{feC*([0,7])] £(0) = f(r) = 0} (1.5)

can be expanded as Fourier sine series. Historically one can make use of the
Weierstrass approximation theorem and the density of trigonometric func-
tions in the space of polynomial functions to prove this statement. Here we
illustrate this in modern mathematical language.

We can reformulate (@) as the following eigenvalue problem

Au = Au, (1.6)
where the operator A is defined byE
A:D(A) - X, A(u)=—u"for ue D(A). (1.7)

Here we take the underlying inner product space and scalar product below
X =C(0.7C), Gy [ unds,
0

and the domain of the operator A is a subspace of X:

D(A) = {ue C*([0,7]) |u(0) = u(r) = 0} = X.

6There is a certain conceptual mismatch between the classical setting of continuous
functions and the spectral-theoretic framework, which is more naturally aligned with
spaces such as L%(0, 7). For example, one may define A : HZ(0,7) = D(A) — L?(0,7).
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The induced norm on X is

1
Jul = Cu, upz,

and the distance between u and v is |u —v|. Note that D(A) and X are not
complete with respect to the defined metric.
Recall that the Lebesgue SpauceH

L*(0,7) ={f is Lebesgue measurable on (0, ) |

1

2

| fllz20,m) = \f |2d3? <o}/ ~,

where

o The integral is understood in the sense of Riemann-Lebesgue:

1

liam = (2 [ amiia e 0.5)[1£)] > a})da)

» The equivalence ~ means identity almost everywhere (a.e.):
f~gem({ze(0,m)]f(x)#g(x)}) = 0.

The Lebesgue space L%*(0,7) is endowed with the scalar product {-,-), and
is a Hilbert space. By the density of the spa(:eE of test functions C*(0,7)
in L%(0,7), the closure of C*(0,7) = D(A) = X in the Lebesgue space
(L2(0,7),{-, ) is the Lebesgue space itself

—12 12 12

X" =D(A) =C*0,7) = L*0,n).

1.2.1 Resolvent computation

From the ODE results above (recalling (@)), the eigenvalues and normalized
eigenfunctions of the operator A are

2
Ao =12, u, = \/;sin(nx), neN, (1.8)

with Hun||L2(0Jr) =1.
[Sep 8, 2026]

"See Subsection @ for more detail.
8The density result also holds on the whole line or in higher dimensions.
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[Sep 9, 2026]

We now compute the resolvent of A at A = —1 ¢ N, that is, we compute
Ra(-1)=(A+1)"': X — D(A). That is, for a given function g € X, we
seek the solution u € D(.A) of the following boundary value problem for the
inhomogeneous ODE:

—u"+u=yg, u(0)=u(r)=0. (1.9)

It suffices to compute the Green function of this boundary value problem.
The homogeneous equation —u” + u = 0 has fundamental solutions

The solution satisfying the boundary condition %(0) = 0 is a multiple of

p(x)=¢e"—e ",

while the solution satisfying the boundary condition u(w) = 0 is a multiple

of

Y(z) = e "0 T,

Their Wronskian W (¢, ) = ¢’ — ¢'yp = det (;f Zf) is independent of z !

and is given by

W(¢, ) =2(e" —e™T).

The Green functionE is

d(x)Y(y)
—W(qu) for x <y
G(z,y) =
—%J();p%) for x >y
B ety 4 pm—(aty) _ em—lz—yl _ o—mt|z—yl
W(g, )

9Tt follows from Abel’s identity (also called Liouville’s formular).

10The — sign before the quantity W&;‘j%) or ¢v§}’()$ff)) in the definition of the Green

function here is due to the — sign before the highest order derivative 0., in the equation
(@), which (usually) is assumed to be + in the standard formulation of ODE.
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Thus the unique solution of (@) readsld

u(z) = OW G(x,y)g(y)dy, (1.10)

that is,

Ra(~1)g(x) = (A +1)"g(z) = / "Gl y)ly) dy.

One may verify that

e Ra(—1): X — D(A).
This follows immediately from ()

e R4(—1)is acompact operator in X. That is, for any bounded sequence
(gx)x in X, the function sequence (R 4(—1)gx )y has a subsequence which
converges in X.

This follows from the properties of G and a compactness argument,
e.g. Arzela-Ascoli theorem.

e R4(—1) is symmetric. That is,
<RA<_1)g7 h> = <g7 RA(_l)h>7 vga helX.
This follows from the symmetry property of G(x,y) = G(y,z) € R.

1.2.2 Spectral theorem and Fourier sine series

Spectral theorem states that given an infinte-dimensional inner product
space X and a compact symmetric operator R : X — X, there exists a
sequence of real eigenvalues (z,), < R converging to 0. The corresponding

"The unique solvability of the inhomogeneous problem (@) follows from the fact that
the homogeneous problem ([L.1) with A = —1 has only trivial zero solution, by the Fredholm
alternative theorem.

The unique solution of (@) can be represented by Green function () u(z) =
fox G(z,y)9(y)dy + [T G(z,y)g(y) dy, where the Green function has the following prop-
erties

« Glz,y) € C([0,7]%), G(z,y) € C*(Ay) with Ay = {(z,y) € [0,7]*| + (x —y) <0},
and 0,G has a jump at the diagonal line: 0,G(z,z — 0) — 0,G(z,x + 0) = —1;

o G(-,y) satisfies the homogeneous ODE (with respect to x variable) in A4 and the
boundary conditions.
12We don’t give the proof here.
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normalized eigenvectors (v, ), form an orthonormal set and every f € Ran(R)
can be written as

f = Z<f’ vn>vn-
n=1

If Ran(R) is dense, then the eigenvectors form an orthonormal basis.
Thus for the compact symmetric operator R4(—1) in X, there exists a se-
quence of real eigenvalues (z,) — 0 and the corresponding normalized eigen-
functions

(vn) & D(A),  vnll = Con, 0n) = 1,

- 72
which form an orthonormal basis in the closure of its range Ran(R A(—l))L =

2
D(A)L = L?(0, 7). That is, for any f € L?(0, ), we can expand it as follows:

f = Z<f’ Un>vn-
n=1

Now we return to the operator A. The fact that R4(—1)v, = z,v, is equiv-
alent to

1
Av, = (=1 4+ —)uy,

n

that is, v, is a normalized eigenfunction of 4 associated with the eigenvalue
-1+ i which tends to infinity. Recalling (@), we find

1 2
Ay =02 =14+ —, un:\/jsin(m:):vn.
Zn m

To conclude, the expansion f = > {f v,v, for any function f e L?(0, )

is indeed (@)
f= i bpsin(nz), b, = \/g<f, Up) = %/077 f(z)sin(nz) dz .

This is the Fourier sine series. Let us emphasize here that the series is
converges with respect to our scalar product, i.e. in the sense of L?(0, ).
We remark that if the function f € D(A), then the sine series converges
uniformly to_f. The convergence of Fourier series is discussed in more detail
in Sections and later.

[Sep 9, 2026]
[Sep 15, 2026]
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1.2.3 Eigenvalue problem with Neumann boundary condition

Instead of Dirichlet boundary condition studied in Section , we consider
the Laplace eigenvalue problem associated to the Neumann boundary condi-
tion. More precisely, we consider the eigenvalue problem

Bu=Mu, B:DB)—X, B(u)=-u"forue D(B), (1.11)
where the domain of the operator B is
D(B) = {ue C*([0, 7)) [u'(0) = u'(7) = 0} = X,

with X = C([0,7]; C) equipped with the inner product (-, -).
The same analysis as in Subsection [l.1.1] yields the following eigenvalues and
normalized eigenfunctions

M=0, \,=n% u= \/> \/jcosmc neN.

We can then compute the resolvent Rp(— D(B) in terms of Green
function
o8(2)¥s(Y)
“TWesvs  OTTSY
/ Gp(z,y)hly)dy, Gslz,y) = st
P8y s
Wosvw T TZY

and verify that it is compact and symmetric, as in Subsection E Finally
the spectral theorem ensures that any function f € L?(0, 7) can be expanded
as Fourier cosine series

e¢]
f=ao+ Z a, cos(nx),

n=1

CLO:l/Oﬂ—f<I')dl', an:z/owf(:v)cos(nx)dx, neN,

™

in the sense of L?(0, ).

1.2.4 Full Fourier series
We now consider the eigenvalue problem
Cu=MXu, C:D(C)—-Y, C(u)=—-u"forue D(C), (1.12)

where

13We omit the details here.
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o Y = C([-m,7];C) is equipped with the inner product (-, )r2(_xx);
« we assume periodic boundary conditions on the interval [—7, 7]
D(C) = {ue C*([-m. 7)) |u(-7) = u(m), /(-7)=u(m)} Y.
There are eigenvalues
M=0, \,=n% neN,

and the corresponding normalized eigenfunctions

1 1 1.
Uy = %a {umvn} = {\/;COS(’I’LZL‘), \/;sm(nx)}, ne N

The spectral theorem implies that any function f € L?(—m,7) can be ex-
panded as Fourier series in the sense of L*(—m, m):

o 0 ' 1 -
f=ao+ Z a, cos(nx) —I—nz_lbn sin(nz), ag= %/ﬂ f(x)de,

n=1
an:%/:rf(w)cos(nx)dx, bn:%/:rf(x)sin(m:)dw, neN.

Observe that

o If f e C(]—m,x]) is an odd function, then ag = a,, = 0, and hence the
full Fourier series of any odd function on (—7, ) coincides with Fourier
sine series on (0, 7) in the sense of L?(0, 7).

Conversely, if f € C([0,7]) with Dirichlet boundary condition f(0) =
f(m) = 0, then one can extend it to an odd function in C([—7,7]) sat-
isfying f(—n) = f(0) = f(7) = 0, and the Fourier sine series coincides
with the full Fourier series on (0, ) in the sense of L?(0, 7).

This is the physical intuition why the Fourier sine series is “complete”
on [0, 7].

o If f e C(]—m,n|) is an even function, then b, = 0, and hence the full
Fourier series of any even function on (—m,7) coincides with Fourier
cosine series on (0, 7) in the sense of L*(0, ).

Conversely, if f € C([0,7]) with Neumann boundary condition f'(0) =
f'(m) = 0, then one can extend it to an even function in C([—m,7])
satisfying f'(—m) = f'(0) = f'(w) = 0, and the Fourier cosine series
coincides with full Fourier series on (0, 7) in the sense of L?(0, ).

13 [OCTOBER 28, 2026]



« Replacing

i(einz - efinx)’

1 . )
cos(nz) = 5(6“” +e "), sin(nz) = 5
i

we can rewrite the full Fourier series in the elegant complex form

— L S 1 —zOm
1=y Lo gpesesg [ S,
; / f(x)e ™ dz, mneN,

1 1 .
—F7—FC_p = ZUp — _bn = a5 —z(—n)xd 3 N.
mc 5~ o 5 /_7r f(x)e r, ne

1.3 Pointwise convergence of Fourier series

The spectral theorem guarantees the convergence of Fourier series

flz) = mnzw €™ ep = \/% /:r f(z)e ™ dz (1.13)

in the sense of L?(—m, ). There is a long history of mathematicians search-
ing for the convergence of the partial sum of the Fourier series

Snf(x) f( Je " da (1.14)

N
1 inx
= — cpe’,  cp =
\ 2T n:Z_N \/277 o

as N — oo, at first in the sense of pointwise convergence.

1.3.1 Dirichlet kernel

The first positive results is due to P.G.L. Dirichlet (1829). He rewrote the
partial sum of a 2m-periodic function as

SNf Z 7int dt 6in:p

n=

1 T -
_ ¢ in(x—t) dt
- Z (e

n=—

:/_ﬂ F() Dl — 1) dt :/_ﬂ @ — Dy (1) dt = (f + Dy)(x),
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where Dy is the so-called Dirichlet kernel

1 Y
Dy(y) = Dy e

n=—N

1
= —(1 + 2 cosy + 2 cos(2y) +---+2cos(Ny))

27
= sy (15 + (G0) —sinG) + (sn(Gy) —sin(w)+

+ -+ 4 (sin((NV + %)y) —sin((N — —)y)))

_ w (1.15)

2 sin(5y

Observe that Dy (y) satisfies

T 1
D dy =1 and |D < ———=if0 < < . 1.16
| Py = 1and D) < g ito <l < T (119

Notice that [" [Dy(y)|dy is growing in terms of N of the rate InN;

/ Dy :_/ smsm Ly sin((N + 3)y) :%/Oﬂysin((f\i;%)y)ldy+o(1)

2

2 [(Nta)m | sint| 2 S DT | sing|
[T S aom =2y [ = o)

s 7Tk=0 Lk
”]smt\
-2 +o()
1;)/ t+k‘7r
2 =1
- 1) = O(In N). 1.1
W/031nt<l;t+kﬁ>dt+0() OfIn N) (1.17)

We claim that the pointwise convergence of a Fourier series at some point
x depends on the regularity /smoothness of the function at x, and hence
is (surprisingly) a local Eoperty (cf. Riemann’s “second theorem” in his
Habilitation thesis (1854)%), although the definition of Fourier series depends
on the values of this function on the whole interval [—m,7]. To see this,

14This growth is the reason for the failure of the pointwise convergence of Fourier series
for continuous functions, see du Bois-Reymond’s negative result later.

5 Bernhard Riemann, Ueber die Darstellbarkeit einer Function durch eine
trigonometrische Reihe. Abhandlungen der Koéniglichen Gesellschaft der Wissenschaften
zu Gottingen 13, 87-132, 1867. (Habilitationsschrift, Gottingen, 1854)
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consider first the special case f € L?(—m, ) which satisfies f = 0 on a
neighborhood of z: (z — §,z + §), and we compute

svfe)= | f(x—y)%dy

1 ) )
— —/ f sm( )1{5<‘y|<7f}(2 ( (N+%)Zy_e*(N+%)ly)) dy
1 .
_ 1 . Zy> Ny q
27r ﬂ(f(x y)sln(23/> tosllsmg; ¢ 4
o [ (Fa = ) seen et ) ey
27 ). sin(3y) toslvlsmio; '

This is the difference of the Fourier coefficients of two integrable functions
at —N and N, both of which tends to 0 as N — oo: At this point x, by the
Riemann-Lebesgue lemmal

lim Sy f(w) =0 = f().

1.3.2 Dini’s criterion and du Bois-Reymond’s counterexample

Now we consider the function f with general behavior on (z — 4,z + ) and
compute (due to the unit size of the integral of Dy)

Snf(x) — fx) = /” (Fle=v) = Fe) = Gy Sm((N + /|y|<5 /<s<|yl<7r '

o 27 sin(

16For any integrable function g which is periodic on R w1th period 27, we compute

R 1 T i 1 4 — s
g(N):=E/ g(y)e N dy :_E/ g(y)e " NWTR) dy
1 s ) 1 i T ,
- t— Ve Nt qt = ——_ — e Ny gy,
o /_W”v 9t = =) o _Wg(y ~) y
and thus

g(N) = \/127/_7;9( Je NV dy = ;\/127 _7;( (y )—g(y—%))e‘m’dy. (1.18)

If g is continuous, then its Fourier coefficient g(N) tends to 0 as N tends to infinity. If
g € L*(—m,m), then we can approximate it with some continuous function to derive the
convergence result.

1"Henri Lebesgue, Lecons sur les séries trigonométriques, Gauthier-Villars, Paris, 1906;
the integral itself is from Intégrale, longueur, aire, Annali di Matematica Pura ed Applicata
(3) 7, 231-359, 1902.
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Dini’s criterion If we assume the following continuity condition for the
function f at the point x:
fle—y)— f(z)

/|y|<6 )

for some 0 > 0, then all the functions

fle—y) - flx) Uiy fla—y) - f@)

x

1 —€ s 1 T

sin(%y) {lyl<d} 2% sin(%y) {o<|yl<m}

are integrable on [—m, 7], and hence Riemann-Lebesgue lemma implies
Syf(z) — f(x) as N — .

The continuity property (|L.19) is called the Dini’s criterion (1880)@ for the
pointwise convergence of Fourier series.

Any Hoélder continuous function f € C* such that |f(x —y) — f(x)] < C|y|*
for |y| < ¢ for some § > 0 satisfies the Dini’s criterion () In particular,
Fourier sine series in () converges uniformly on [0, 7] to the function f in

(%))

dy < oo, (1.19)

iei%iy
21

[Sep 15, 2026]
[Sep 16, 2026]

Du Bois-Reymond’s counterexample However, continuous functions
need not satisfy Dini’s condition, and we have the negative result by P. du
Bois-Reymond (1873): There exists a continuous function whose Fourier
series diverges at a point.

We don’t follow his original proof, while apply the Banach-Steinhaus theo-
rem (so-called uniform boundedness principle) instead to show this negative
result. To this end, let@

Z ={f e C([=m,7[;C) [ || = suP acf-mm|f ()] < 50} = Cy([~m,7]; C)

denote the usual continuous function space on [—m, 7], which is a Banach
space. Let {Tx}y be a family of linear bounded operators from Z to C,
which is a normed vector space, given by

TN AR C, via TNf = (SNf)(O) = ’ f(t)DN(t> dt,

18Ulisse Dini, Serie di Fourier e altre rappresentazioni analitiche delle funzioni di una
variabile reale. Pisa: Tipografia T. Nistri, 1880.

YPaul du Bois-Reymond, Uber die Fourier’schen Reihen, Nachrichten der Koniglichen
Gesellschaft der Wissenschaften und der Georg-August-Universitat zu Géttingen, 1873.

20The space Z here is different from the space Y given in ([L.12).
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sin((N—l—%)a:

where Dy (z) = ). By Banach-Steinhaus theoremﬂ7 either

Qﬂsin(%x)
sup | Ty | z-¢ < 0,

or there exists an element f € Z such that

sup N|TNf| = 0.

For any fixed N € N, Dy has only a finite number of zeros, and hence
sgn (Dy) has only a finite number of jumps. Thus for any € > 0, there exists
a continuous function f such that

1fl = Land Tuf > dy — e, dy = / Dy (1) dt

Obviously the operator norm |Tx|z_c is bounded by dy, and therefore
| T z—c = dn. (1.20)
Recall () dy = O(InN) as N — o, and hence
ITy|lz-c =O(InN) as N — .

Banach-Steinhaus theorem then implies that there exists a continuous func-
tion f such that

limsup |(S f)(0)] = .

N—o0

To conclude, we find a continuous function f € C'([—m, 7]), which is uniformly
bounded on [—m, 7], while |(Syf)(0)] — oo, and hence (Syf)(0) - f(0) as
N — 0.

1.3.3 Dirichlet-Jordan’s criterion

The Jordan’s criterion (1881)@ investigates this pointwise convergence prop-
erty from another perspective. Namely, if the function f has a bounded vari-
ation in the neighborhood of the point x, then the pointwise convergence
holds in the following sense:

Jm Sy f(r) = 5 (f —0)+ f(z+0)). (1.21)

21Stefan Banach and Hugo Dyonizy Steinhaus, Sur le principe de la condensation de
singularités, Fundamenta Mathematicae 9, 50-61, 1927.

22Camille Jordan, Sur la série de Fourier, Comptes Rendus de I’Académie des Sciences
de Paris, 1881.
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We give a short proof here. Since every function of bounded variation is the
difference of two monotonic functions, we assume without loss of generality
that f is monotonic in some neighborhood of the point x. Since Dy(t) =
Dy (—t), we rewrite

Sy fla /fx—tDN dt+/fx—tDN()d
:/ (F(x — ) + f(x + 1)) Dn(t) dt

0

and it suffices to show for any monotonic function g, it holds

tim, [ a0Dx()dt = 5900.). (1.22)

Indeed, one may assume further g(0,) = 0, then for any € > 0 there exists
d > 0 such that |g||s) < €, and there exists & € [0, 0] such that

/0 () Dy (t)dt — /0 g(t)l;N(t)dt—l— /5 o(6) D (£) dt
= 5, N N )
o )/}E D (t)dt+/6 () D (#) dt

where the second equality follows from the second mean value theorem for
integrals@. The first integral above is bounded by

(N
]/ sin( dt‘\ \/ sin((N +5)) dt(+c)
27rsm Tt

ZGiven any monotonically increasing function g and continuous function f on [a, b], we
compute further the following Lebesgue-Stieltjes integral as

/f ) dg(x /f ))E(g(b)—g(a))[r[gjg]lfamaxm,b]f]-

Thus there exists & € [a,b] such that fa f(@)dg(z) = f(€)(g(b) — g(a)), which is the
second mean value theorem for Stieltjes integrals. The same result holds for monotonically
decreasing functlon g.

Now let F(x f f(t)dt, then we use integration by parts and the second mean value
theorem above to derive

b
/ f(@)g(x) de = / F(2)g(z) de = [F(2)g(@)] - / F(z) dg(z)
a , )
— F(b)g(b) — F(€)(9(b) — 9(a)) = g(b) /6 ) + g(a) / f(z)da
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<<, B +0) <

while the second integral tends to 0 as N — o0 by Riemann-Lebesgue lemma.
Hence (@) holds and correspondingly () follows. In particular, if f is
continuous and has a bounded variation in a neighborhood of x, then

Jim Sy f(z) = f().

The classical Dirichlet’s pointwise convergence criterion (1829)5:
e f is bounded and piecewise continuous;
f has a finite number of maxima and minima,

is a special case of Jordan’s criterion.

1.3.4 Fejér’s kernel

The pointwise convergece theory for Fourier series of continuous functions
was “rescued” by L. Fejér in 1900 4. Instead of the natural partial sum of
Fourier series where Dirichlet kernel Dy is involved, L. Fejér made use of the
arithmetic means of partial sums (Cesaro’s summation)

oN = N+125k;

and the associated Fejér kernel

Fv) = 377 2 Ph)
1 1 sm( y) +sin(3y) + sin(Zy) + - - + sin((N + 3)yss)
T N+l2r sin(1y)

1 1 cos0—cos((N+1)y)
T N+12r 2(sin(ly))?
11 sin(3(N +1)y)
N+ 1%< sin(3y) )

24peter Gustav Lejeune Dirichlet, Sur la convergence des séries trigonométriques qui
servent a représenter une fonction arbitraire entre des limites données, Journal fiir die
reine und angewandte Mathematik (Crelle’s journal), 1829.

25Lip6t Fejér, Sur les fonctions bornées et intégrables, Comptes rendus hebdomadaires
des séances de I’Académie des sciences, 1900.
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Note that unlike the sign-changing Dirichlet kernel Dy, F > 0 is nonnega-
tive. Fy satisfies also ([L.16):

" 111
Fu(y)dy =1 and Fy(y) < — if 5 < |y| <,
/ n(y)dy =1Tand Fx(y) < == 57 (sin(16))? ' yl <=

-7
and is an approximate identity. Then we have immediately that for any
continuous function f e C([—m,]),

]\lfl_rgo sup J:E[—F,W]|(0Nf)(x) — f(z)| =0.

Indeed,

o))~ @) =| [ (1= 1) - re)) vl |
x T — — xT FN d 2 e FN d ,
< [ @t f@iEe a2l [ Py

s<lt|<n

where 0 can be chosen such that the first integral be arbitrarily small, while
for any fixed 4, the second integral tends to 0 as N tends to oo.

The above argument can be used to show the LP(—7, w) convergence of f by
onf for p € [1,00), as long as one notes lim; ¢ || f(z —t) — f(z)||p» = 0 for
p € [1,00). This implies the following facts:

« The trigonometric polynomials are dense in LP(—m, ), p € [1,0).

o Weierstrass approximation theorem@: Every continuous function on
the torus is a uniform limit of trigonometric polynomials.

o If f is integrable with ¢, = 0 for all n € Z, then f is identically zero
(a.e.).
[Sep 16, 2026]

[Sep 22, 2026]

1.4 Convergence in norm of Fourier series

We have already achieved the satisfactory convergence result of Fourier series
in the sense of L?>(—m, ) by the spectral theorem:

|ISnf = fle2(enmy =0, VfeL*(—m, 7). (1.23)

lim
N—

26Karl Theodor Wilhelm Weierstrass, Uber die analytische Darstellbarkeit sogenan-
nter willkirlicher Functionen einer reellen Verdnderlichen, Sitzungsberichte der Koniglich
Preussischen Akademie der Wissenschaften zu Berlin (1885), 633-639, 789-805.

21 [OCTOBER 28, 2026]



where the partial sum Sy f is defined in ([l.14). Furthermore, the mapping
[~ (c,) is an isometry from L?*(—m,7) to £*(Z) by Parseval’s identity&l A,

o]

12y = D, leal® (1.24)

n=—a

We may also ask whether the convergence result () holds in the sense of
LP(—m, ).

o Case p = .

Du Bois-Reymond’s counterexample in Subsection gives the neg-
ative answer for the case p = o0.

« If pe[l,), we have the following equivalence relation for p € [1, o0):

HSNf - f”Lp(—ﬂ',ﬂ') —0as N — 0, vf € Lp(_7T77T) (125)
< 3C = C, such that uniformly in N, |Sy|eo(—n,m)—rir(—mm) < C.
(1.26)

The necessity of () follows from the uniform boundedness principle.
The other direction follows from the following facts:

— Density property: Ci°(—m, ) is dense in LP(—m,7);

— Uniform convergence and hence convergence in LP-norm for a
dense subset C°(—m, 7): Forany p € CF(—7,7), | Sne—¢| o (—mm) <

1
(2m)7||Sne — @[ Lo (—rm) — 0 as N — o0,

and the decomposition Syf — f = Sn(f — ) + (Sve — @) + (¢ — ).
Therefore

— Casep=1.
Similar as the analysis for the norm of Ty in (1.2)@, we obtain

ISnleioer = |Dn|pirm = O(InN) as N — oo,

and thus the convergence statement () fails for p = 164

2"TMarc-Antoine Parseval des Chénes, Mémoire sur les séries et sur lintégration compléte
d’une équation auz différences partielles linéaires du second ordre a coefficients constants,
Mémoires de I’Académie des Sciences de I'Institut de France 2, 593-611, 1806.

28This is due to Young’s inequality: [Syflz1 < |Dnlzt|f|z: and the result ()
ISnlzropr = [S¥lLe—re = [Dn|L-

29 Andrey Nikolaevich Kolmogorov, Une série de Fourier - Lebesgue divergente presque
partout. Fundamenta Mathematicae 4, 324-328, 1923.

22 [OCTOBER 28, 2026]



— Case p e (1,0,0).
We claim that the convergence result () for p € (1, 00) follows
from the LP-boundedness of the conjugate function discussed in
Subsection @ below, that is,

1S —1d | osze =70 < [|Sn|prorr < Cp < |[H|rorr < G,

1.4.1 Conjugate function and Riesz projections

In the functional setting of L?(—m, ), we have shown ()

znx ry o o 1 " —inx
@) = \/ﬁ S 7 Fn) .—cn—ﬁ/_ﬂf(x)e de. (1.27)

n=—0o

We define the conjugate function of a function f asBaB
H(f)(x sgn ( in 1.28
(f)(@) @;@ gn (n) f(n)e (1.28)

where sgn (0) = 0, as well as Riesz projections Py by b

Pu(f)a) = —= ) fln)e™, (1.29)

P_(f)(z)=——= > f(n)e™. (1.30)

30Historically it was the concept of harmonic conjugate (see ()-() below) ap-
peared first, and the pair (u,v) satisfies the Cauchy-Riemann equations. The conjugate
function H(f) happens to be the limit of the harmonic conjugate v on the unit circle (see
(L.39) below).

Augustin-Louis Cauchy, Mémoire sur les intégrales définies prises entre des limites imag-
inaires, de Bure Fréres, Paris, 1825.

Bernhard Riemann, Grundlagen fiir eine allgemeine Theorie der Functionen einer verin-
derlichen complexen Grosse, Inauguraldissertation, Gottingen, 1851; reprinted in Gesam-
melte mathematische Werke und wissenschaftlicher Nachlass, B. G. Teubner, Leipzig, 348,
1876.

31We will discuss the counter part, namely the Hilbert transform, on the whole line in
Subsection ] later.

32This is after Marcel Riesz (1924, 1927), to recognize his contribution to the LP-
boundedenss of the conjugate function for p € (1, o).

The Riesz projection P = ﬁ gSF()\I — T)~1d\, which is after his brother Frigyes Riesz,
is related to the spectral projection which we discussed earlier in Section

Hardy space (1915) L2 consists of L? functions with Fourier transform supported on
the domain {n > 0}, that is L7 = {P+ f|f e L?}. Tt identifies holomorphic functions F'
on the unit disc such that sup vt [T |F(re™)|?dz < 0.
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Then the following relations hold

~

f=Po(f)—P(f), Pi(f)+P_(f)=iH(f) + %f( )

or equivalently,

Pu() = 5 (65 + (1) + =10).

We now reformulate the partial sum Sy in terms of Riesz operator P, and
multiplication operators e?V®, 2N We first rewrite

—1Na: Z f €ZN mx

where we compute for any g € L*( ) that
1 < . 1 < :
\ 27r Z V2T nzzio 2T n:;\/+1

TS

\/—2—7( Z 9()

= Py(g) — VP (g

To conclude, we can represent the partial sum operator Sy as
Snf = e Nep, (feiN) - ei(N+1)xP+(f6—i(N+1)~)‘

Since the multiplication operator ¢, a € R is a bounded operator on LP-
space with operator norm 1, we derive for all N € N,

HSNHLP(—ﬂ,T()ﬁLp(—ﬂ’,T() < 2HP+HLP(—W,W)—>LP(—7T,71')7

which is bounded by the norm |H|ze(—x x)—Lr(—rx), UP to some constants.
The factBd that H is a bounded operator in LP(—m, ), p € (1,00) implies the
uniform LP-boundedness of Sy in ([1.26), and hence the convergence result

(@) holds for p € (1, ).

33We don’t give the proof here, which can be found e.g. in [2, Subsection 4.1.2].
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Historically, the LP(—7, ), p € (1, 00)-norm convergence of Fourier series was
established by M. Riesz (1927) B4, who proved the L? boundedness of the con-
jugate function for p € (1,0). A modern proof rests on the Marcinkiewicz
interpolation theoremtd interpolating the L? isometry () against Kol-
mogorov’s weak (1, 1) bound® yields the strong (p, p) inequality for p € (1, 2),
while the range p € (2, 0) follows by duality, the adjoint of the conjugation
operator being its own negative.

The real-variable form of the argument is due to Calderén and Zygmumd@7
whose decomposition replaced the complex-analytic proofs and supplied the
weak (1,1) estimate for general singular inteérals in R™; in this formulation
the decisive object is the maximal function®S, sup,.-q1|P,f| for the Poisson
kernel and sup ;~o|@.f| for the conjugate function, whose weak (1,1) and
strong (p, p) bounds govern pointwise and norm behaviour alike, and whose
partial-sum analogue sup y|Sy f| is precisely what later carried the problem
from norm convergence to almost-everywhere convergence.

1.4.2 Harmonic extension and Poisson kernel

We turn to view Fourier series from another perspective, by considering the
following function defined in the unit disk on the complex plane:

u(z):\/%(%f(n)zu 2 f(n)z\”\), 2] < 1, (1.31)

n=-—0o

that is,

i 1 7 n| inx
u(re ):\/—27r Z f)rlem= re0,1), ze[-m,xl

n=—00
Thus the Fourier series can be viewed as the formal limit of the harmonic
function u on the unit circle,

\/% Z f(n) e = lim u(re™), x € [—m, 7. (1.32)

r—1_
n=-—au

34Marcel Riesz, Sur les fonctions conjuguées, Math. Z. 27, 218-244, 1927 (announced
in Les fonctions conjuguées et les séries de Fourier, Comptes Rendus de I’Académie des
Sciences de Paris 178, 1464-1467, 1924).

35 J6zef Marcinkiewicz, Sur I'interpolation d’opérateurs, Comptes Rendus de I’Académie
des Sciences de Paris 208, 1272-1273, 1939.

36 Andrey Nikolaevich Kolmogorov, Sur les fonctions harmoniques conjuguées et les séries
de Fourier, Fund. Math. 7, 23-28, 1925.

37Alberto Pedro Calderén and Antoni Zygmund, On the existence of certain singular
integrals, Acta Math. 88, 85-139, 1952.

38Godfrey Harold Hardy and John Edensor Littlewood, A maximal theorem with
function-theoretic applications, Acta Math. 54, 81-116, 1930.
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~

When f is real-valued, f(—n) = f(n), u is a real-valued harmonic function.
We now analyze the limit on the right hand side. Rewrite, for » < 1,

u(re™®) = \/% i f(n)r'”'eim = /: f(x)P.(x —t) dt,

n=—aoo

where P,.(t) denotes the Poisson kerneltd bdid

1 & .
P.(t) = — rinleint,

[Sep 22, 2026]
[Sep 23, 2026]

It can be computed explicitly by use of complex variables for r € [0,1):
Observe that for ¢ = re with |¢] < 1,

Pi(t) = %Re 142 Zlgn} — %Re [—1 - g}
1, 70+ =97_ 1 1-¢f
—%Re[ 11— (J? ]_%H—TG“P

1 1—r?

= — > 0. 1.33

2w 1 — 2rcost + r? (1.33)
Note that similar as the Fejér kernel, {P,},¢(0,1) is an approximate identity,
satisfying

Pi(t) =0, / P(t)dt =1, lim Pt)dt =0if 6 > 0. (1.34)

-7 r—l- o<|t|<m

Therefore the argument in Subsection yields the limit on the right hand
side of ([1.32) in the following sense:

39Siméon Denis Poisson, Mémoire sur I'intégration de quelques équations linéaires aux
différences partielles, et particulierement de I’équation générale du mouvement des flu-
ides élastiques, Mémoires de I’Académie Royale des Sciences de I’Institut de France 3
(1820/1823), 121-176.

40Karl Hermann Amandus Schwarz, Uber die Integration der partiellen Differentialgle-
ichung 0?u/0z? + 0%u/0y? = 0 unter vorgeschriebenen Grenz- und Unstetigkeitsbedingun-
gen, Monatsberichte der Koniglich Preussischen Akademie der Wissenschaften zu Berlin,
767-795, 1870.

HFormally, “lim,_,;_ P, = limy_q Dy’
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« Case pe|[l,00).
If fe LP(—n,m), then

Tim u(re) = f()] > = L [P+ f — Flos = 0
o Case p= .
If f e C([—m,n]) is continuous, then

lim [u(re®) — f(@)]ze = lim [P f = fe =0,

r—1

Note that if f is real-valued, then the function u defined in terms of f in
() is harmonic function inside the unit disk. The above convergence
result implies that so-defined function u(re®®) = (P, = f)(x) is the (unique)
solution of the Dirichlet problem for the Laplace equation on the unit disk:

{Au:O if 2] <1,

wu=1f if|z| =1, (1.35)

where the boundary condition is satisfied in the above sense. The function
u is thus called the harmonic extension of f inside the unit disk.

1.4.3 Harmonic conjugate and conjugate Poisson kernel

We _continue the study of the harmonic function u(z) = u(re™) defined by
(@) inside the unit disk. Let

—\/%7(2 Sy = 3 Sfmy ), <1 (1)

that is,

v(re™ Z —Sgn ) nlgine 1 e0,1), ze[-m, 7).

v 27T nez
Observe that

o If{ i (n)} is a bounded sequence, then v is the harmonic conjugate of
u, in the sense that

G(2) =u(z) +iv(z) =

i ) (1.37)

jk

is holomorphic in the unit disk.
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o Formally, the conjugate function defined in () can be viewed as the
limit of v(z) on the unit circle:

“sgn (n))f(n)e™ = lim v(re'). (1.38)

H(f)(x) = m ZOO lim

Similarly as for u, we rewrite as a convolution
v(re®) = [ fO)Qr(z —t)dt = (Q, = f)(x)

with the conjugate Poisson kernel

1
o

Ou(t) = Z(lsgn( et ref0,1), te[-m ]

nez

It is real-valued and we compute by use of complex variable ¢ = re' with
|| = r < 1, similarly as for Poisson kernel:

Qut =—Im[gcn zcm}:_lm[ngn]

b gt g+ 90 =9
_%Im[ﬁ]_zwhn[ -2 }
_1 2rsint

T 2r1—2rcost 412

Note that
e P.(t) 4+ 1Q,(t) is holomorphic function in ¢ in the unit disk:
, 114+¢_ 1 2 , |
P, — 14— h ¢ =re” 1

such that the holomorphic function G(z) can be represented by it as
G(2) = u(re™) +iv(re™) = ((PT +1iQ,) * f) (x)

1 4 2
= — -1 —> t)dt
27 W( Tz rei@=t) @)
it 1 -~ 1 1
—f)+2 —
\ 27Tf( ) 21 lw|=1 w—z

Here the integral is indeed the Cauchy integral of the function f on the
unit circle:

w=e

f(t)dw.

Py = [ LU ez L[S0

; _ 9 it _
270 Jipjm w — 2 2 J_. e z

dt. (1.39)
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o Unlike P, the kernel (), is not an approximate identity:

— It has zero mean ["_Q.(t)dt = 0;

— Its L'-norm diverges as r tends to 1_:

2 " rsint =2rcost 1 r 1
locnn == | Jarm L [T,
m™Jo 1—2rcost+r T) o 1+r2—y

1 1, (1+47r)?
= —In(1+7r7 -9y =—-1
T Il( +r y) 2r T n(l—’l“)2
2 1
~ —log —wasr—1_.
m 1—

Hence the argument used for P, breaks down, and this failure is exactly
where the difficulty of the convergence problem lives. Indeed, the con-
vergence (@) H(f)(x) = lim,,1_ @, = f(x) holds in L” and almost
everywhere for f e LP, 1 < p < o0, and the theorem of M. Riesz states
that the map f — H(f) is bounded on L? for p € (1, x0).

1.4.4 Other related topics

Boundary traces of the Cauchy integral from inside and outside
Formally, the Fourier coefficients of f,H(f) and that of u(re™®),v(re™) are
related as

Vre (0,1), u/(’r\e’)(n) — r"f(n), which converges to f(n) as r — 1_,

Vr e (0,1),v(re*)(n) = (%sgn (n))r'™ f(n), which converges to HZ{)(n) asr — 1_.

Correspondingly, the relations between the operators H, Id and the functions
P., @, can be seen more clearly in terms of their Fourier transforms=s:

—~

VarP(n) =", lim vV2r P, (n) = 1(n) = Id,
V2rQs(n) = Jsgn (), lim V2rQs(n) = Tsgn () = (n).

We remark that the Riesz projections Py:

P—%(ﬂd +¢H+%/j>

™

“2Notice i(n) = V27 Py (n) - f(n) and 5(n) = v27Q,(n) - f(n).
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with . .
P+(n) = 1{0717...}(71), P_(n) = —1{_17_27_3,...}(71),
correspond to the traces lim,_,;. of the Cauchy integral of f: F'(z) given in

() Indeed, for |z| < 1, expanding => ", # =Y e intbiyn,

w —

F.(2):=F(2) = i(% /1 f(t)e ™ dt)z” = i \/%f(n) 2" |zl < 1

n=0

1 n—1

. w W
For |z| > 1, expanding in = — g

_ _\® i(n—1)t ,—n.
_ Zn:l € <

F (2):=F(2)=— i <% /:rr f(t)e™ dt)z_” =— i L]?(*n) z "

= 2T

:_\/% 2 J?(n)z", |z| > 1.

Thus by the definitions ([1.29) and (), Po(f)(z) = lim,,y, Fy(re™).
Hence the function f can be recovered from its Cauchy integral F' by taking
the jump on the boundary: f(z) =lim,_, F(re") — lim,_,;, F(re').

Almost everywhere convergence The LP-convergence () does not
imply the almost everywhere convergence=. It takes a long time for math-
ematicians to achieve the almost everywhere convergence result of Fourier
series for the function f € LP(—m,7), p € (1, 0.

e Case p = 1 is excluded, due to the existence of L!-functions whose
Fourier series diverge everywhere, which is constructed by Andrey
Nikolaevich Kolmogorov in 192684.

o Case p = 2 is included, thanks to Lennart Carleson’s work in 1966@.

Since LP(—m,7) < L*(—m,7) for all p € [2, ], the almost everywhere
convergence holds for the cases p € [2, o0].

431t holds only up to a subsequence.

44 Andrey Nikolaevich Kolmogorov, Une série de Fourier-Lebesgue divergente partout.
Comptes Rendus Hebdomadaires des Séances de I’Académie des Sciences (Paris) 183, 1327~
1329, 1926.

Andrey Nikolaevich Kolmogorov, Une série de Fourier - Lebesgue divergente presque
partout. Fundamenta Mathematicae 4, 324-328, 1923.

45Lennart Carleson, On convergence and growth of partial sums of Fourier series. Acta
Mathematica 116, 135-157, 1966.
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« Case p € (1,2) is included, thanks to R.A. Hunt’s result in 196784

Higher dimensional case We can of course the higher dimensional Fourier
series. We denote L? (RY), p € [1, ] to be the space of measurable functions
f : R* — C which are periodic such that f € LP([—m,7]?). We identify the
two LP_ (R?) functions if they are the same almost everywhere. We define

per
the k, k = (ki,- - - , kq)-th Fourier coefficient of a function f € L!_ (R?) by

~ 1 .
k) = y z)e * T dy
0= | I@

and we call the following sequence (Sy f(z))n the Fourier series of f:

per (

1 A :
-~ f(k)e** NeN.

(2m)2 iy

Snf(x) =

From [—7, 7] to R Intuitively, we go from sums to integrals (by considering
T-periodic functions with 7" — o0), to realize the limit of the Fourier series
as the inverse Fourier transform of its Fourier transform.

Formally, for d = 1, let T" be the period, and w = 2” be the frequence, then

T T

the Fourier coefficient of a function f e L'([—1, 5]) is defined as

e T

2

'ﬁ

and the representation of f in terms of Fourier series reads as

o) = g S

)e—i(k’w)y dy ) ei(kw)xw.

= #;(\/%/_z fy

Let w — 04, we formally obtain from the definition of integral that

/(@) ye " dy ) e dg

- LGE

46Richard A. Hunt, On the convergence of Fourier series. In Orthogonal Expansions
and their Continuous Analogues (Proc. Conf., Edwardsville, Ill., 1967), Southern Illinois
University Press, 235-255.
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We then derive the continuous version of Fourier coefficients and Fourier
series

f —L : x)e " dg
f(g)_m/ocf() dv geRy
——1 F(€)eiE x

This is the Fourier transform on R, and we will discuss it later in Chapter
in more detail. To this end, we turn to the introduction of related functional

spaces.
[Sep 23, 2026]
[Sep 29, 2026]

2 Function spaces

In this section, we restrict ourselves to the functional framework of (general-
ized) functions defined on the whole Euclidean space R and taking values
in K with K = R or C. The notation K denotes some compact set in R?.
The goal is to generalize the concept of functions by duality approach.

2.1 Continuous function framework

We introduce some classical continuous function spaces, with particular at-
tention to their dual spaces.

2.1.1 Continuous functions
The continuous bounded function space
Cy(R?) = {f : R? - K continuous and bounded},
is Banach space, equipped with the norm
[ flloy@ey = [fleo = sup pepal f ()]
The space

C.(RY) = {f : R? - K continuous and with compact support},

47Tt is straightforward to generalize the definitions from R? to any open subset U ¢ RY.
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is a vector subspace but not a closed subset of C3(R%). The closure of it is
denoted by

I-floo

Co(RY) = C,(RY)

which consist of continuous functions f with limit 0 at oo, i.e. for all ¢ > 0
there exists j so that f is at most of size € outside the ball B;, which is
centered at the origin and of radius j.

We take another topology in C.(R?%) that we call
fo = f in Co(RY)

if there exists a compact set K < R? such that Supp (fn) € K for all n and
I fr — f”Cb(Rd) — 0.

A map L : C.(R%) — K is called continuous if £(f,) — L(f) holds for all
fn — f in C.(R?Y). Thus a continuous linear map on C.(R?) is bounded on
Cy(K) for all compact set K  R?. The Riesz representation theorem® for
C.(R?) states as: Any nonnegative continuous linear map £ € (Cc(Rd))/ is

represented uniquely by a Radon measure 2 on R?, in the sense that

L(f) = Rdfdu, f e C.(RY).

Given k € N, we define
CHRY = {f : RY - K | f is k times continuously differentiable

and all partial derivatives 0*f with |a| < k are bounded}.
It is a Banach space, equipped with the norm

Hch{;(Rd) =|f

Similarly we define

koo = Sup \a|<kHa§f(5C)Hoo~

CH(RY) = {f € CF(R?) has compact support}.

48See Theorem 2.14 in the book by Walter Rudin, Real and Complex Analysis, 3rd ed.,
McGraw-Hill, New York, 1987.

The continuity assumption is omitted in the statement there and it follows from the
positivity of the functional: For any compact set K, there exists a compactly supported
continuous function ¢x such that for all f € C.(K), L(f) < L(|f]) < L(Ifllorr) =
L)1

49Bourbaki’s equivalent viewpoint: a Radon measure is a continuous linear functional
on C.(X) (for the inductive-limit topology).
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2.1.2 Test functions and distributions

We are motivated to generalize the definitions of “functions” by studying the
continuous linear maps on the test function space C*(R?). The vector space
C(?O(Rd) is not a Banach space, and its topology is complicated, which we do
not discuss in detail here.

Test function space We denote by D(R?) = CP(R?) the vector space
of all test functions on R?, which are infinitely differentiable functions with
compact support in R% A typical example is the function

o cdel-r\é—l if |z] <1
x) = ! 2.40
() { 0 if |z] =1, ( )

where ¢4 € RT is a constant such that [y, n(z)dz = 1. We can rescale it by
e > 0: m. = Zn(%), then (n.). is an approximation of identity.

We can not endow test function space with approximate norm such that it
becomes a Banach space. Nevertheless, we call

pj = ¢ in CF(RY) = D(R)

if there is a compact set K < R? so that Supp ¢; < K for all j, and for all
multiindices «
0%p; — 0%p in Cy(R%).

Distribution space A distribution 7" on R? is a continuous linear map
from C*(R%) to K, where by continuity we mean

T(p;) — T(p), if p; — ¢ in CF(RY),

or equivalently, for any compact set K in R?, there exists k € N and C' > 0
such that

T(0)l < Clelegy, Vo € D(R?) with Supp () < K.

%0Jean Dieudonné and Laurent Schwartz, La dualité dans les espaces (F) et (LF),
Annales de I'Institut Fourier 1, 61-101, 1949.

Nicolas Bourbaki, Espaces vectoriels topologiques, Hermann, Paris, 1953-1955.

Nicolas Bourbaki, Intégration, Hermann, Paris, 1952-1969.

John Horvath, Topological Vector Spaces and Distributions, Vol. I, Addison-Wesley,
Reading, 1966.

g HRERAS, TSRS RECTE T, BT RRAL, 2025.
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We denote the space of distributions by D'(R?), (i.e. the dual space of
D(R?)), which is a K-vector space. We call T}, — T in D'(R?) if

T.(p) > T(p),  VeeDRY.

If T, - T in D'(RY), then for any compact set K c R?, there exists k and
C' such that

o« Tu(0)| < Clglepa), Ve € DR?) with Supp () © K,

e Sup <1|Tn(90> - T(90)| — 0.

peD(R?) With Supp (DK NPl ot

Note that there is a natural local approximation (¢;); = D(R?) of the con-
stant function 1 satisfying:

Supp (¢;) © By1,  ¢jlp,, =1 such that ¢; — 1 in D'(R?),  (2.41)

e.g. ¢; =n=1p;, j€ N does this job.
For T € D'(R%), we say that T vanishes near x € R? if there exists r > 0 so
that T(p) = 0 for all ¢ € D(R?) with support in B,(z), and we define

Supp (T) = R*\{z € R? | T vanishes near z}.

Examples of distributions Any Radon measure 1 on R? defines a unique
distribution T}, € D'(R%):

(T, 0)pp :=T,(p) = /Rd edu, Vo e D(R?), (2.42)

such that for any compact set K < R?,
Tu(p)] < p(K)|¢ley,, Vo € D(RY) with Supp (¢) < K.
Recall here that the integral on the right hand side can be built as follows:

Step 1 For simple functions s = Z?f:l cjla,, with ¢; € K and A; < R?
pairwise disajoint Borel sets, we define

N
/ sdp =Y cjp(Ay);
Rd

j=1

Step 2 For nonnegative f e C.(R?%[0,0)), we define

/ fdp = sup / s dp;
R4 0<s<f,s simple /R?
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Step 3 For general real-valued function f € C.(R%R) we decompose it into
its positive and negative parts:

f=1J+—f-, with f, = fl{fzo}a J-= _fl{f<0} € Cc(Rd§ [0, 00));

and for general complex-valued function f € C.(R% C) we separate
its real and imaginary parts:

f=Re[f] +ilm /).

In particular,
e L. (RY) < D'(RY): Any locally Lebesgue integrable function f@ de-
fines a unique distribution Ty € D'(R%) by

(Tt o)pp i =T(p) = /d fedm?,
R

where m® denotes the Lebesgue measure on RY.

Thus all continuous functions and LP(R?%)-functions are distributions.

o The Dirac function &, € D'(R?) defined by

(b0, p)pr.p = do() = ¢(0) (2.43)

is a distribution with compact support {0}.

8o defines a continuous linear nonnegative functional on C.(R?), and
the definition coincides with the Lebesgue integral with respect to the
Dirac measure: dp({0}) = 1 and 6o(A) = 0 if the Borel set An{0} = &,

as below

/Rd pddy = /Rd ©(0) 10y do + /Rd @liye ddo
= ¢(0)3({0}) + 0 = »(0).

Products, derivatives and convolution Since

o The product between a smooth function and a test function is again a
test function,

o Any derivative of a test function is again a test function,

51Gee Section 2.2. below for the definition.
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o The convolution between two test functions is again a test function,
we can define by use of dualityE

« The product between a smooth function ¢ € C*(R?) and a distribution
T € D'(RY) to be a distribution ¢T' € D'(R?), given by

(T, 0)pp =T, ¢p)pp, Vpe D(Rd);

 The a-derivative of T € D'(R?) to be a distribution 0°T € D'(RY),
given by

(0°T, 90>Df,D = (_1)|a‘<T7 aa@D',D, Vo e D(Rd)§

« The convolution between a test function ¢ € D(R?) and a distribution
T € D'(RY) to be a distribution ¢ * T' € D’'(R?), given by

<¢ * T: 90>D',D - <T7 Qg * 90>D’,D7 VQO € D<Rd)7
with ¢(z) = ¢(—z).

[Sep 29, 2026]

[Sep 30, 2026]

Note that the convolution (¢+T) € T’(R?) defined above is a smooth function:
(o« T)(x) ={T,¢(x — )pp, VYreR™ (2.44)

Indeed, if x,, — z in RY, then
¢(z, —-) = ¢(z — ) in D(RY),
and thus by the continuity of T,
(¢ T)(xn) — (¢+T)(w) ={T,¢(xn — ) — d(x —))pp — 0.
The continuity of the function (¢+T")(x) follows. Its smoothness follows from
0@ = T)(x) =T, (*¢)(z — ))p p-
Therefore one can define the convolution between a distribution and a dis-

tribution with compact supportaz For T € D'(RY) and S € D'(R?) with
compact support,

(T=*S,p)pp=AT, S+ ©)pp, Vo€ D(RY), (2.45)
where S is defined as
S(6) = S(¢), VéeDR?),
and S x ¢ € D(RY).

52These definitions coincide with classical ones.
53In general, one can NOT define the product between two distributions.
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Computations related to the Dirac function Recall the definition of
the Dirac function in (@)

e Let d = 1, then the Dirac function ¢y is the derivative of the Heav-

(1) iz ig which belongs to L*(R) <

(R) < D'(R). Indeed, for ¢ € D(R),

H)(6) = (Th)(9) = —Tu ()
/H dr = p(0) = do(). (2.46)

iside function: H(z) =
Ll

loc

One can further calculate 0,0p € D'(R) as
(0200)(0) = —do(¢) = =¢(0), Yy e D(R),
and iteratively (0760)(¢) = (—1)"¢™(0).

o The Dirac function is the limit of the sequence (7.) in the sense of
distribution:

ne — & in D'(RY),

since for any ¢ € D(R?),

[ n@eta) = eO)dr = [ ) (eta) = o) de =0

|z|<e el e
(ne) is called Dirac sequence.

« The convolution of some distribution T e D’(R?) and the Dirac function
is itself:

T«6y=T, VT eD(RY,
since for any ¢ € D(R?),
(¢ # do)(z) = (bo, d(x — - ))pp = P(2),
and hence (2.47) implies

(S * T, Yo = (T, 89 * Yo = (T, Pdpr
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o Any distribution T' € D'(R?) can be approximated by a sequence of
smooth functions:

ne T — 0y« T =T in D'(R?),
since

ne * ¢ — ¢ in D(R?).

Recall the approximation sequence (), then any distribution T € D’'(R%)
can be approximated by a sequence of test functions:

Naen * (¢;T)""S° T in D' (RY). (2.47)
This implies
D(RY) < D'(R?) is a dense subset.

[Sep 30, 2026
[Oct 13, 2026

Smooth function space Note that a continuous function f € C(R?) is
not necessarily bounded, and similarly for k-times continuously differentiable

functions f € C*(R?). Let C*(R?) = npenC*(RY), and by
pj — ¢ in C*(RY)

we mean that for any compact subset X — R? and any multiindex o =
(g, ,aq), it holds

sup gec| 0% (5 — @) (x)] — 0.
Let £'(R?) denote the space of all continuous linear map from C*(R?) to
K. As D(RY) = C®(R%) has a stronger topology, £'(R%) < D'(R%). Some

distribution 7" belongs to 5’(Rd) if there exists some compact subset K < R,
some natural number k£ € N and some positive constant C' such that

(T, o) < CSUP yek joj<k|0%0(2)], Yo € CP(RY).

Thus &£'(RY) consists of distributions with compact support and as a typical
example: 0y € £'(RY).

39 [OCTOBER 28, 2026]



2.1.3 Schwartz functions and tempered distributions

Laurent Schwartz B “invented” Schwartz function space and its dual space
— tempered distribution space, which turn out to be a perfect functional
framework for the illustration of Fourier transform on R?.

Schwartz functions The Schwartz space & (]Rd) consists of smooth rapidly
decaying functions. More precisely, S(R?) is the set of smooth functions
f e C*(RY) satisfying for any k € N

If

which is equivalent to say that

kS 7= SUD pepa, joj<k (1 + |2))107f (2)] < o0,

SR = {f € C*(R?) | sup ,epa|z*0”’ f(2)| < o0, ¥ multiindices «, 3}.

Notice that for f e S, ||f|
We say that

ks may depend on k € N.

fo— fiESit|f,— fles — 0, VkeN.

We can then introduce a metric dg(-,-) on Sha.

d =Ygk If—glks 9.48

)
kS

such that ds(f,, f) — 0 if and only if f, — f in S. The space (S(RY), ds(-, "))
is a complete metric space and the space D(Rd) is dense in it: The multi
plication by the local approximation sequence of identity given in (R.41)
approximates the function itself

ds(f,;f) — 0as j— oo, YfeS(RY.
It is also easy to see that
« D(RY) = S(RY) = G (RY);
o If f e S(RY) and g € CP(RY), then fg e S(R);

54 Laurent Schwartz, Généralisation de la notion de fonction, de dérivation, de transfor-
mation de Fourier et applications mathématiques et physiques, Annales de I’Université de
Grenoble 21, 57-74, 1944/1945.

Laurent Schwartz, Théorie des distributions, Hermann, Paris, 1950-1951.

55The general idea of using a countable family of seminorms to define a metric was
introduced by Maurice Fréchet in his 1906 doctoral thesis on metric spaces: Sur quelques
points du calcul fonctionnel. Rendiconti del Circolo Matematico di Palermo, 22(1), 1-74.
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o If f € S(RY), then zf, 0°f € S(R?) for any multiindex a;
o If f,ge S(RY), then f « g e S(R?);
e The Gaussian function e~z1** € S(R?). The function e1#l ¢ S(R?).

We can compute the integral of the Gaussian function (see here for a historical
review of Gaussian function) as follows: For d = 2,

1.2 “ 1,2 *
/ e 2l dy = (27r)/ e 2 rdr = (27?)/ e Pdp=2m.
R? 0 0

1.2

. _ 112 _ _ 1.2
Since e~ zl*” = ¢=2%1 ... ¢72%, we deduce

/ e 2" dz = /2, e 27 dy = (27r)%.

R1 Rd

We rescale the Gaussian function (QW)_%e_%k"’P by € to derive a Dirac se-
quence:

1 1 1

= 2|§|2} RY . 9.49
(2miel’ o ©F (2.49)

{ps(fv) =

The probability density function (pdf) of a normally distributed random
variable reads

1 _(e=p)?
e 22 | xelR,
\2T o
2

with expected value p and variance o°.

Tempered distribution A tempered distribution on R? is a continuous

linear map from S(R?) to K. We denote the set of tempered distributions
by S'(R%). We say that Tj; — T in S'(R?) if

T;(f) = T(f) for any fe S(RY),
that is, if there exists k € N such that
sup | s, s<1| 5 (f) = T(f)| = 0.
Typical examples are
6o, 2%, any polynomial on R% e &'(R?),
but exponentially growing function el ¢ §'(R?) (noticing e¢/*! € LL_ (R <
D'(RY)).
Note that

41 [OCTOBER 28, 2026]


https://www.ijesi.org/papers/Vol(7)i6/Version-5/D0706052834.pdf

It holds the embedding

DR c S(RY) < P (RY) < Cy(RY) < S'(RY) < D'(RY);

We can define the product between T e S'(R?) and f € CP(R?) u
{polynomials on R%} by

JT.gyss =T fps.s, VgeSRY;
We can define the derivative of T € &'(R?) of any order by
(0°T, g)s1s = (—=1)*NT,0°9)srs, Vg e SRY);

If fe S(RY) and T € S'(RY), then (f = T)(z) = (T, f(x — ))s.s is a

smooth function and has tempered growth at infinity;

Here, the smoothness follows as for (), and tempered growth means
polynomial growth at infinity, since there exists k£ € N such that

‘<T>f($ - ')>S’,5‘ < CHf(ZE - )Hks
=C sup  (1+[y)*|0°f(z —y)| < COA+ 2| flrs-

yeR% |a|<k

[Oct 13, 2026]

[Oct 14, 2026]

If f € S(RY) and T € S'(R?) with compact support (i.e. T € £'(R%)),
then f + T e S(RY);
S(R?) is dense in &'(R?), since (recalling ())

De * (e’%|“|2g0) — pin S(RY), ase -0, §—0, (2.50)
and correspondingly for T € S'(R%),

S(RY 3721 (p. « T) - T in 8'(RY).
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2.2 Lebesgue function framework

We endow the whole space R?, d > 1 with the Lebesgue measure de, which
is the complete measure defined on the Lebesgue o-algebra (as the completion
of the Borel g-algebra). In particular, the Lebesgue measure of a box

d
szl[aj,bj], —00 < ay < bj < 00,

in R is H;l:l(bj —aj). It is a Radon measure, and defines a continuous linear
positive functional on C,(R?):

C’C(Rd)afH/Rdfdmd::/Rdfdxe(C.

2.2.1 L'(R%-functions

A real-valued function f : R — R is called Lebesgue measurable if for any
a € R the set

{r e R? | f(z) > a}

is Lebesgue measurable. A complex-valued function f : R? — C is Lebesgue
measurable if its real and imaginary parts are both Lebesgue measurable.
We consider the Lebesgue integrable function space on R%:

L'(R% C) = {f : R? - C is Lebesgue measurable |

ey = [ @) da <}/ ~

where the Lebesgue integral is defined as the Riemann integral:

/Rd |f(z)|dz = /Ooomd({xeRd ||f(2)| > a})da,

and we call two measurable functions equivalent f ~ g if m({f # g}) = 0.
Its local version is defined by

Li.(R%:C) = {f : R? - C is Lebesgue measurable |
€ ; or any compact subset K C ~,
L'(K;C) f bset K = R

where we endow K with the Lebesgue measure restricted to K, and

oo = [ If@]de = " mi({a € K||f()] > o)) da

56Henri Lebesgue, Lecons sur I'intégration et la recherche des fonctions primitives. Paris:
Gauthier-Villars. 1902.
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If f,g € L'(R% C), then the following functions are all in L'(R% C):
« The translated function 7,,(f), defined by

(Txo(f))(x) = f(l' - $0)7 Ty € Rd;
¢ The modulated function
e f(x), &eRY

o The rescaled function foA, with A € R¥*¢ an invertible matrix, defined
by
(f o A)(x) = f(Ax);
For example, if A = Ad gaxa with A > 0, then (f o A)(z) = f(\x).

e The convolution f g

:/Rdf(x—y)g(y)dy =/Rdf(y)g(l’—

Density of C.(R?) in L'(RY) The Riemann integral coincides with the
Lebesgue integral on C,(R%). We recall briefly the proof of the factbd that

C.(RY) = LY(RY), densely,

and_thus C’C(]Rd)HHL1 = LY(R%). The idea is as in the definition of the integral
in (R.42). Firstly, since each complex-valued function f reads as Re f+ilm f,
and each real-valued function f can be written as f = f, — f_, where f, =
flis=o0y and f_ = —fl; g}, it suffices to consider nonnegative function f.
Let f e LY(RY) with f > 0. Since

a_ [7 4
Rdfdm —/0 me({f > t})dt

given ¢ > 0 there exists 0 =ty < t; < ...t; < tj41 <ty < 00 so that (with
to = 0)

0</ ml({f > t})dt — Zt—tﬂ W{f>t;}) <

57This density fact can also easily follow, provided that

¢ Any nonnegative measurable function can be approximated by a sequence of mono-
tone nonnegative simple functions pointwise.

e Lebesgue dominate theorem.
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Let
A ={x: f(z)>t;}, j=1,---,N,

such that
Aj+1 C A] and md<A1) < 0.

Then
N
Hf — Z(t] — tj—l)lAj HLI < €.
j=1

Since there exists R such that f (le|>R} fdm? < ¢, it suffices to approximate a
characteristic function of a bounded measurable set A of finite measure by a
continuous function.

Let ¢ > 0. By inner and outer regularity of the Lebesgue measure, there
exists a compact set K and an open set U so that

KcAcU m%U)<m¥K)+e.
Let d(K,R\U) =: dy > 0 and we define
fr(z) = max {1 — Ld(z, K),0} € C(R%).
If dyL > 1, then

fL—1A|L1</ dm® < e.
\K

If L is sufficiently large then Supp f; is compact. Thus continuous functions
with compact support are dense in L*(R?).

2.2.2 L?’(R%)-functions

A measurable function f : R? — C is called p-integrable, p € [1, ) if | f|? is
integrable and we denote its LP(R%)-norm as follows

1

Wl = ([P ar) " = (o [" 0o e B [150) > aaa) "

If p = oo, then we say that the function f is essentially bounded, if it has
finite L*-norm:

1 f 1l o0 (maty = igf{a |m?({z e R? | |f(z)| > a}) = 0}.

We define Lp(]Rd) as the space of equivalence classes of p-integrable func-
tions. The locally p-integral function space Lt (R?) consists of measurable
functions which are p-integrable on any compact set in RY.

We recall here some basic facts concerning the Lebesgue spaces LP(R?), p €

[1, 0]
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o The Lebesgue space LP(R?), p € [1, 0] is Banach space. In particular,
L*(R%) is Hilbert space with the inner product

(f, 9>L2(1Rd) = /Rd f(z)g(z)dz.

e The pace LP(R?), p € [1,0) is separable, that is, there exists a count-
able dense subset in each LP(RY), p € [1,00). However, the Banach
space L*(R?) is not separable.

o The test function set D(R?) is dense in LP(R?), p € [1, o). In particular,
the convergence such as () holds in L(R?). However, D(R?) is not
dense in L®(RY).

The inclusion D(R?) « S(R?Y) < LP(R?) = S'(R?) = D'(R?) holds.

« The Banach space LP(R?), p € (1, 0) is reflexive, and its dual space is
isomorphic to LP (R%) with % + ]% = 1. However, L'(R%) and L*(R?)
are not reflexive: (L') = L*, L' C (LOO)’@.

o The Holder’s inequality holds for all p € [1,90]: The product of two
functions f € L?, g € L* lies in L', and furthermore

[ 1s1dz < 7luslgl,o (251)

(1—-06)q

This implies immediately (noticing |f|? = (]f]p)%q(]f\r)f and 1 =
9_q + (1_9)‘1)
p s

. L, 1 0 1-0
| lze < IAIZo A0 with = ==+ , p<qg<r, 0€[01],

.
and hence || f|lLe < |flze + | fllzr- (2.52)

o The Minkowski’s inequality holds:
If+ gl <[ flee + lglies pell,o],  f,ge LP(RY),

e The Young’s inequality holds:

1 1 1
Lf* 9l e ey < [ flloo@ayllgllLo@ay, 1+ P + 7 p,q,7 € [1,0].

880, as a linear continuous functional defined on Cc(Rd), can be extended to an element
in (L*)" by Hahn-Banach theorem. However, , ¢ L'(R%): if 6, € L'(R?), then for a
sequence @, © D(R?) with ¢x(0) = 1 while ¢}, 50, Lebesgue dominated convergence
theorem implies fRd dor dz — 0 which contradicts the definition dg(¢x) = 1.

59The case p = q = 2 is referred to as Cauchy-Schwarz inequality.
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2.2.3 Sobolev spaces

Recall the distribution theory introduced in Section . Forke N, 1<p<
o0, the Sobolev space@ Whr(RY) < LP(RY) is the set of all LP(R?) functions,
so that for all multiindices o of length at most k there exists f, € LP(R?) so
that

0Ty =Ty,.
By an abuse of notation we identify 0*Ty with f,, and hence g = J,,f in
LP(RY) for f e LP(R?) means

/ godm? = — / foz,0dm®, V¢ € D(R?). (2.53)
R? R¢
We endow W*?(R?) with the following norms:
1
o = | 310 1ge |+ pe (L),

la|<k
and
HfHWM(Rd) = sup \alskH@afHLoo(Rd)-

Then (W5P(RY), ||| wew), p € [1,00] is a Banach space, and for p € [1, ),

D(RY)

HHwk,p

= WrP(RY, pell,o).
One can check

o If ge CF(RY) and f e WHP(RY), then gf € WF?(R?) and the Leibniz’
rule holds;

« For f e WFP(RY) and ¢ : R? — R? a Cf diffeomorphism, the chain
rule holds and
| o Glwromsy < Clflwnnme): (2.54)

For different values of p we have:

o For p =2, we denote H*(R?Y) := W*2(R?), and we define
o Durmsy = ), @ f,0°9) 12wa)-

la|<k

The inner-product space (H*(R?),(,) we(rey) 18 Hilbert space.

60Sergei L'vovich Sobolev, Uber die Randwertaufgabe einer Gleichung von elliptischem
Typus. Izv. Akad. Nauk SSSR Ser. Mat., 1 (1936), 57-86. [Original Russian title: O
KpaeBoil 3ajmade s ypaBHEHUs summntudeckoro tuma. M3sectust Axaag. Hayx CCCP, Cep.
Maremarnueckasi, T. 1, ¢. 57-86.]
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e Forl<p< o,

— For k € N, we define W~5?(R%) = (W (R%))’, which is equipped
with the norm defined by

P up (1))
FEWR R, £ e ®e)St

Wk»(R?) and W-*?(R?) are both reflexive.

— For s € (0, 1), define Sobolev-Slobodeckij space@ WeP(R?) as the
set of LP(R?) functions such that the following seminorm is finite

[flsp = (/Rd/ﬂgd%dx dy)l10 < 0.

More generally, for s > 0 not an integer, let k € (s — 1, s) be an
integer, and

WHP(RY) = {f € WM R || flwer = [ flwes + sup [0 fls-k, < o0}

|a|=k
o For pe[l,d), there exists C' > 0 depending on d, p such that
| flraway < CIDf|oway, VfE WP (RY),

Gl 11
« For p > d, we have Morrey’s inequality for f € W'?(R%): Every point
is a Lebesgue point and the canonical representative f is continuous,

such that
_d
(@) = fW)l < cle = y|" 7| Df o,y @ Yo,y € R
That is, f is Holder continuous: f € C’k%(Rd).

o If p = oo, then Lipschitz continuous functions f € W (R%) are almost
everywhere differentiable.

[Oct 14, 2026]

[Oct 20, 2026]

61Nikolai Semenovich Slobodeckii, Estimates in the large of the solutions of certain
boundary value problems. Dokl. Akad. Nauk SSSR, 118 (1958), 173-176. [Russian:
CobomneB, H. C. Ouenku pemeHnii kpaeBeix 3aga4d B oomemom”. JAH CCCP, 1. 118, ¢. 173~
176.)

It is also called Gagliardo-Slobodeckij space. Ennio Gagliardo, Estensioni di funzioni
appartente a campi L, con derivate in media quadratica. Rend. Sem. Mat. Univ. Padova,
25 (1956), 278-291.
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3 Fourier transform

In this section we introduce the Fourier transform of functions defined in the
whole space RY, d > 1.
Recall the Fourier series discussed in Section @ for some function f €

L*([-m,7};C)
Ton nZOOf e where f \ﬁ/ f(z)e ™ dz. (3.55)

Here the functions —=—=e™* n € Z are normalized eigenfunctions of the eigen-

value problem ()27T
Cu=MXu, C:D(C)—Y, C(u)=—u"forue D(C)
associated to the eigenvalues n?, where
o Y =C([-m,7];C) is equipped with the inner product (-, )r2(_xx);
» D(C) ={ue C*([=m ) [u(=7) = u(r), W'(-7)=u(7)} =Y.
Now, if we consider the free Schréodinger operator on the whole line
Hy : HA(R) — LX(R) via Ho(f) = —f",

then, unlike the operator C having discrete spectrum o(C) = N u{0}, Hy has
continuous spectrum

o(Hy) = [0, ).

Although the plane wave functions \/2— et ¢ e R satisfy

1

H eizf — 2 eix§
with &2 € [0,0), they are not eigenfunctions of Hy since they don’t belong

to L*(R):_They are called generalized eigenfunctions. A similar representa-
tion as (@) in terms of the generalized eigenfunctions of the self-adjoint
(unbounded) operator Hy holds in the Hilbert space L*(R):

_ L[ e
fla) = —= [ flere<ac.
where f(£) = T / f(x)e ™ dz in L*(R). (3.56)

Its rigorous proof is found in Subsection at the end of this chapter.
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3.1 Fourier transform on Schwartz space S(R?)

3.1.1 Fourier transform on L'(R%)

Let f = f(x) € LY(R%C), d = 1. We define its Fourier transform as a
function f = f(£) € L®(R% C) below

FE) = _ ! e () da e R¢
fO=F© = g [ @, ver®

Observing the continuity of the function in &: e~ as well as the fact

) 1 ;
_gje—ur'f - gaacj(e_mf% Jg=1-- 7d’ (357)

we derive the Riemann-Lebesgue lemma which states that f is continuous
and satisfies

lim |f(&)| =0.

|§]—o0

Indeed, the continuity of f (&) follows from the continuity of the function in
& e ¢ and the Lebesgue convergence theorem, while the decay at infinity
of f (&) follows from the density argument and integration by parts: If f €
D(RY), then |¢]f(€) is bounded on R? since

610 = Ad<‘%5wj><e‘i$'f>f<x>dx = / 0, ) [ de, =1 d

Rd
Therefore the Fourier transform

F: LNRY) — Cy(RY) < Cy(RY)

is a linear continuous map and

1 . 1
H]:(f)HLOC(Rd) < d Hf”Ll(Rd)v L.e. ”’FHLl(]Rd)HLOO(Rd) < d-
2 (271')2

(2m)
The action introduced in Subsection behaves as follows after Fourier
transform:

o F(rap(f)) = ™S F(f), 0 € RY,

o F(e™®f) =16 F(f), & € RY

o F(foA)=|det A"\ F(f)oA"T, Ae R invertible, and in particular
FFA) =X UF()A), YA > 0;

o F(f+9)=(2m):F(f)F(g), f.g L'(R:C);

o Jpa[F(9)dz = [pa F(f)gde, f,g € L'(R%C).

62Recall a similar vanishing property ([L.1§) in the case of interval [—, 7].
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3.1.2 Fourier transform on S(Rd)

Since S(RY) < L'(R?), we can define the Fourier transform on S(R?). We
claim that the Fourier transform

F: S(RY) — S(RY)
is continuous:

o For any integer k € N, there exist a constant C' and an integer N € N
such that

|F(Hlks < Clflvs, VfeSRY.

o F maps the differentiation operator (%&C)a to the multiplication oper-
ator €%, and vice versa (up to (—1)ll):
1
]—"((Z&r)af) =EF(f), F(zf) = (i0)*F(f), Vmultiindex .
(3.58)

Indeed, noticing the general version of ()

1 A : 1 A A
(=02)(e78) = (=1)llere ™8, (Sa)%e ™ = ag (e,

1 0
it is straightforward to use Lebesgue’s theorem and integration by parts to
show (B.58). Then for any |a| 4+ |5| < k, there exist C' and N (we can simply
take N =k + d + 1) such that

3 F ()] = |F((o) o) )| < (2m) 2185 )l

<[+ [T |+ 2D @ ) e < Clf s

Fourier transform of Gaussian function As an example, we compute
the Fourier transform of the Gaussian function, which turns out to be itself:

Fle 21y = e3P, (3.59)

Indeed, we first notice that the Gaussian function satisfies the following equa-
tion

(aftj +x])€*%|$‘2 = 07 j = 17 e 7d7
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and hence by ();

i(&; + 0¢, ) Fle 21y = 0,

j=1,--.d.

Let d = 1, then the function ¢(€) := F(e 217*)(¢) € S(R) satisfies the
following first-order differential equation

¢ +Ep=0, ie. (e25¢) =0,

and hence there exists a constant C' € R such that

6(6) = Ce 2%

In particular,

and thus

For d > 2, we simply notice that

(2m)z Jrd
1 —ig! ¢ —L|a/|? / 1 —imglg —L(24)2
= — e e 2P de r | e Pitdem 2 dry
(2m) = Jri-t (2m)2 Jr
S / e o3 4 =36 Z (e H ) hEn?,
(2m) 2 Jri-t
with 2’ = (21, - ,24-1), & = (&1, -+ ,&—1). An easy induction argument
implies the result for d > 2.
[Oct 20, 2026]
[Oct 21, 2026]
By the scaling property, we have
Fle7?) = gmdemale, (3.60)

The rescaled Gaussian function sequence {p. = (27) 2e~

sequence given in (2.49).

92
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de=326%)_is a Dirac
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3.1.3 Inverse Fourier transform on S(Rd)

Let f e S(R%). We define its inverse Fourier transform by

fla) = P () = (2m) 7 [ e ds.

Then the relation between Fourier transform and inverse Fourier transform
follows immediately:

FH () = F(f) (=) = F(f(=))(),
that is, F ' = Ro F = Fo R,

with R denoting the flip operator (Rf)(z) = f(—) on S(R?).
We claim that

FLE(f)(@) = fla) = FFH(f)(2), (3.61)
that is, F'F = FF ' =1Id and F2 = R on S(RY),

and hence Fourier transform is an automorphism on S(R%). Indeed, for f €

2
Tlel* =

S(R%) such that feS (R%), by use of the pointwise convergence lim,_,g e~
1, we calculate straightforwardly by definition that

FUE(fa) = (am [ e ds —timeamd [ T fe)ag

d

2 2 ;
= lim(27r)d/ e~ 7l em{/ e W f(y) dy d¢
R d

e—0 d R
_ lim(27r)_d/ / o~ T IEP mily—)-€ d¢ f(y) dy
e—0 R4 JRY

d
2

—1im(2r) [ Fle Ty — 2)f(y)dy

e—0 Rd

= lim(27r)_g/ 6_de_$‘y_$‘2f(y) dy = lin(l)p8 « f=f, (3.62)
Rd £

e—0

where p, is the Dirac sequence given by (), and we used () Hence
FrF(f)(z) = f(z) and FF! = Id follows simply from F~'(f)(z) =
F(f)(=z).

From this we note

o It follows from
F(f+g) = 2n):F(f)F(9), f.geSRY
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that )
F(fg) = @m) 2 F(f)+Flg), f.geSRY.

In particular, it follows from
_ﬁ|x|2 . d
e 2% f - fin S(RY) as € — 0,

that ) _
(2m)"2e7de 2210w f — [ as S(RY) as e — 0.

We revisit the density result ()
o It follows from [oq fF(g)dx = [pa F(f)gda and F(g) = F'(g) the

Parseval’s identity2:

[ tate = [ FE @) = [ FnF@) - [ fide

Rd
(3.63)
In particular, the Plancherel’s identity@ holds:
12 = 1 Fle. (3.64)

3.2 Fourier transform on tempered distribution space
S'(RY)
3.2.1 Fourier transform on S’(R%)

If A:S(RY) — S(R?) is a linear operator, then by duality we can define the
operator A : S’'(R%) — S'(R?) as follows:

(A'T)(f) = T(Af), VT eS'(RY), feSRY.
We have seen such definitions in Subsection :
o The multiplication by z; : &'(R%) — S'(R%), defined by

(z; T)(f) =T(z;f);

63Parseval, Marc-Antoine. ”"Mémoire sur les séries et sur l'intégration compléte d’une
équation aux différences partielles linéaires du second ordre, a coefficients constants.” Mé-
moires présentés a 'Institut des Sciences, Lettres et Arts, par divers savans, et lus dans
ses assemblées. Sciences, mathématiques et physiques. (Savans étrangers.), vol. 1, pp.
638-648. Presented 5 April 1799; published 1806.

64Michel Plancherel, Contribution & ’étude de la représentation d’une fonction arbitraire
par des intégrales définies, Rendiconti del Circolo Matematico di Palermo 30, 289-335,
1910.
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o The derivative d,, : &'(R?) — S&'(R?), defined by
(02, T)(f) = =T (0x, );

« The convolution with S(R?) 3 g : &'(R?%) — S’(R%), defined by

(T +g)(x) =T(g9(x —-)) € C* has tempered growth.

We further define the following operators on S'(R%):
o The translation 7., : S'(RY) — S'(R%), 29 € R, defined by
(7o T)(f) = T(7 f);
o The modulation e : §'(R?) — S'(R%), & € R, defined by
(e OT)(f) = T(e™ f);
e The rescaling oA : S'(RY) — S'(RY), A € R invertible matrix,
defined by
(T o A)(f) = det(A)|T'T(f o AY);

e The Fourier transform F : S'(R?) — S’'(R%), defined by

o The inverse Fourier transform ! : §'(R%) — S’'(R?), defined by
FUT)(f) =T(F(f)) = T(FR(f)).

By virtue of (), the Fourier transform is also an automorphism on &’(R%)
with

Fl'F=1d=FF"', F'=FoR=RoF, F’=R, onS(RY,

and the following rules are valid on S'(R%):

k,.l

Tao(T)) = € S F(T), F(e"9T) = 7, F(T), on,ﬁoeR
ToA) =|det AV F(T) 0 AT, eg. F(T(\)) = X9(F(T))(A1), VA > 0,

(
(
(T« f) = 2m): F(T)F(f), F(Tf) = (2m) ()*}"(f), vfe SR,
((=0.)°T) = E°F(T), F(2°T) = (i0e)*F(T), Vmultiindex a.

S

F

<L | =
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3.2.2 Some typical examples

Example 3.1. When d =1, then we compute straightforwardly

1 .
F(e"s"') = Vo Re’mée’m dz

1 P (i) " i
—(1412&)x 1—i&)x
= — e dx —i—/ e dx)
V2T (/0 —©

_1<1+1>_\F1 (3.65)
T Von N+ 1—i) N w1y '
Example 3.2. Let d = 1, and we compute the Fourier transform of the
rectangular pulse/box function

_ L =2l =T)2
rect(x) = { 0, |z >1/2.
as
(I 11 5 2 sin(Ze)
(rect)(€) NCL \2m —i§ -z T €
(3.66)
The sinc function sinc(t) = %@) has countably many zeros +m, +£2m, -+, and

decays at infinity: Its oscillation cancels out when integrating
e e e Y e A e
.t ot o ¢

We prove this fact by use of Laplace tmnsform@ of the sine function f(t) =
sint restricted on the positive half-line: For s > 0, define

1

puy_cqmg_ﬂwﬂmwmf_A (e e

65Let d = 1. Laplace transform generalizes Fourier transform by replacing i€ € iR
(which causes the oscillation in the Fourier kernel ¢*¢) by some complex variable s € C.
It transforms a function defined on [0, ) to some function defined on some domain of C
(usually on some right half plane with Re s > s¢):

L(F)(s) = /OOO F()e=tdt, Res > so.

Even if f(¢) has exponential growth, say f(t) = e* with some a > 0, L(f)(s) is well-defined
for s € C with Res > a.
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1,1

1 1
Z(s—i -

s—l—i) 1482
Thus

/f@dt:/ff(t)(/o Stds dt — //f Ye st dt ds
:/OOOF()ds—/O 1+52ds 4

Example 3.3. Letd =1. Let T = p.v. (—%), with p.v. denoting the Cauchy
principal value, be the tempered distribution defined by

1 [*1 1 1
T(p) =p.v. —/ —p(x)dr := —lim —p(x)dx.
x x

T J -0 T e—0 e<|z|<i

Then for any Schwartz function ¢ € S(R),

1,
(T, p)s1s = (T, ¢)ss = — L lim —¢(§) d¢
T e—0 e<|£|<% 6
1 1 1 )
= —lim S—— [ p(x)e " da d¢

T e—0 é>‘§|>5 5«\/27}' R

1 1 1 .
=— lim go(m)/ e ¢ da
2w =0 Jr Is)¢)>e
Ty 20 0
11 . sin(|z|£)
= — lim [ ¢(x)(—isgn (z / ——=d¢ dzx
cv i e [
—T ;§5—>0
—isgn (x)
_< \/ﬂ a90>5 S
Hence
Fov. (22)) = ——(sgn () (3.67)
p.v. 22 T 7R g ) .
[Oct 21, 2026]
[Oct 27, 2026]

Let us explain the well-definedness of T = p.v. (£1) € §'(R): For ¢ € S(R),

11 .
<p.v. (%;), <p>$l, = }sl_r% - / / x)dx, since p € S(R),
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1 [*1
= lin% — —(¢(z) — ¢(—x)) dz, by change of variables,
0T J, @

1 [*1
— _/ —(Qo(x) — gp(—x)) dz, by the smoothness of . (3.68)
0

™ T

Example 3.4 (Fourier transform of Dirac function). The (inverse) Fourier
transform of the Dirac function is a constant function:
_d
2

FH8) = F(d) = (2m) "2,

where § == 8y € S'(RY), and (27)"% € S'(RY) is a constant function defined
as tempered distribution by

Tyt (D = [ (27

Indeed, it is easy to calculate

_d

M

f(z)dz, VfeSRY.

~

0(f) =0(f) = f(0) = (2m)

[SlIsH

) de =T, 4(f).

Rd
Thus we have

o The Fourier transform of derivatives of Dirac function are polynomials

a8 = (2m) "2 (i€)”.
o The (inverse) Fourier transform of the constant function 1 is Dirac

function

[NJisH

F(1)=F"'(1) = (2m)
and hence for any & € RY, A >0,

0,

F(e%) = 76, F(1) = (2m)26(€ — &) = (2m)20q,,
FlAsin(z &) = 2m) 2 (3, — 0.

Note that

66We have the fact that a tempered distribution T with Supp (T) = {0} < F(T) is a
polynomial. Thus T € S'(R%) with Supp (T') = {0} can only be a linear combination of &
and its derivatives:

T= ) and"s. (3.69)

la|<k
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o This matches Example @
Indeed, for d =1,

rect(z) = 1_1 ) (¢) — Lz (¢) = (r_z H)() — (r H) (@),

where H(x) = 1jp4) is the Heaviside function. We derive from the fact

(2.4d): H' = 5 that
Flreet') = F(r_r H' — 72 ') = ¢ 5 F(H') — e 5 F(H)

_ (o156 _ o5 _oisin( Loy
= (e e ).7-"(5)—2zsm(2§)\/%,

which, together with F(rect’) = i€ F (rect), implies ()
« This matches the fact F~'F = Id (recalling the proof given in ())

FAF(f)(a) = (2m)° // WIS dg f(y) dy
= (2m)* (=), s.s
=) Do~ 1

Example 3.5. If f is homogeneous of degree m: f(Ax) = A" f(z), then f
is homogeneous of degree —(m + d): f(ANT1E) = AX™HLF(€). For example, for

€ (0,d), then
F(|z|77) = clg]™ (3.70)

for some constant c.
We give the ideas here. Let d = 2. Define the operators

S = Zx] 2 k—xjamk—xkamj,
such that
d
|m|26x;€ - ka + Z :Eij,ka S(|x|_a> = —0"1'|_J, Zjvk(|x|_0) = 0.

j=1

Then
F(lz|77)) Zfa% (Jz[77)) 2553 &F(|2]77)) — dF(|z[77)
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= —F(5(|z[77) = dF(jz["7) = (o = d)F(|2[°),
Zin(F(|x]77)) = =F (O, (wx]x]~7) =

and thus
d

€706 (1€ F (|2177)) = &S (161" F(J2 =)+ ) & Zs €] F (2| ~7)) = 0.

i=1

Therefore the distribution V(|¢|*°F (|x|7)) is supported at {0} such_that
T := |§|"°F(|x|7°) — ¢ is supported at {0} for some constant c. By ()
T =3 <k 0a0"6 and

0=ST= > aaS(%) =— >, au(d+ |a)d",
la|<k || <k

o —

where we used S(0*0) = —(d + |a|)0“d (from the fact 0%0 = (%x)a(%r)_%).
Hence a, =0, T =0 and F(|z|~7) = ¢||]7~%

For d =1, we simply make use of the operator S = x%.
3.2.3 Fourier transform on L?(R%)

Since any function f € LP(R%), p € [1, 0] can be identified with a tempered
distribution T} € S'(R?) which is defined as

Ty(0) = [ foda, Vo< SE),

we can define the Fourier transform of f as the following tempered distribu-
tion
F()(¢) = Tr(F(9), YoeSRY.

Furthermore,

o Case p = 2: The Fourier transform defines a unitary operator:

F: L*(RY) — L*(RY),

and the Fourier transform of f € L?(R?) is a function in L?*(R%) which
reads as the following limit (almost everywhere)

FF)(E) = Tim — % /| . ¢ () da, (3.71)

R (27r)

satisfying the Plancherel’s identity () 1l z2ey = |F () p2ray-
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Indeed, if f € L2, then f € L? follows from the density embedding
S(R?) < L*RY) and Plancherel’s identity (@), and the fact_that
the Fourier transform is unitary follows from Parseval’s identity (B.63).
Finally, since flp,() converges to f in_L?-sense, the continuity of the
Fourjer transform implies the limit (B.71)) in L?-sense. This verifies
(B.50).

Case p € (1,2): The Fourier transform defines a linear and bounded
operator

F:LP(RY — LF(RY), pell,2].

satisfying
_d(z_
[F ) oy < @) 72570 f | pogay- (3.72)

Indeed, firstly, we decompose f € LP(R?) into two parts
f=Fh+fewith fi = flicpa | p@y>1y and fo = f = fi,

such that f; € LY(R?), f, € L*(R?), and hence F(f) = F(f1) +F(f2) €
L*(R%) + L*(R?) is a Lebesgue measurable function. Further, since the
Fourier transform is a linear operator

F: LNRY) — L®(RY) with | F| g1 gay gty <

ar
2

(2m)
F o L(RY) — L2(RY) with | F 12 gy 2y = 1,

() follows from Riesz-Thorin Interpolation theorem by virtue of

1239 20-h) 1 2-h) 20-h)
P 1 2 Ty o0 2

Case p > 2: We don’t know whether the Fourier transform of a LP(R?),
p > 2-function still belongs to some Lebesgue space, and we have seen
that the Fourier transform of the constant function f(x) = 1 (which
belongs to L*(R%)) is a multiple of the Dirac-function.

[Oct 27, 2026]

[Oct 28, 2026
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4 Preliminaries on Fourier analysis

4.1 Differential equations with constant coefficients

We search for a solution u = u(z) : R? — C of a differential equation of the
form

Lu = f, (4.73)
where L is a differential operator with constant coefficients

L= ) a0, aueC,

lal<m
and f € D'(RY). If there exists some distribution E € D’(R?) such that
LE =3, (4.74)

where § = g is the Dirac function, then F is called the fundamental solution
of (@irfhe convolution E = f, when it is well-defined as a distribution,
4.7

solves (4.73), since

LE=f)=(LE)«f=0d«f=.
A natural idea to compute the fundamental solution is to use Fourier trans-
form: We apply Fourier transform to (4.74) to arrive at

Y aali€)*B(g) = (2m)7F,

lal<m

which leads to, when the polynomial is non vanishing,
. 1
B(¢) = (2m) "2 .
Z|a\<m a@[@é‘)a

and thus

d 1
E(z) = (27r)_5f_1< | )
Z|a|<m 2 (7’€>a
It seems that the zeros of the é)olynomial would be problematic, nevertheless,
Ehrenpreis@ and Malgrange®® proved independently the existence of funda-
mental solutions in distribution space D’, and Hormander®? improved the
existence result in tempered distribution space S’.

6"Leon Ehrenpreis (American, 1930-2010), Solution of some problems of division. I.
Division by a polynomial of derivation. Amer. J. Math., 1954, 76: 883-903.

68Bernard Malgrange (French, 1928-2024), Existence et approximation des solutions
des équations aux dérivées partielles et des équations de convolution. Ann. Inst. Fourier
(Grenoble), 1956, 6: 271-355.

®Lars Valter Hérmander (Swedish, 1931-2012), On the division of distributions by
polynomials. Ark. Mat., 1958, 3: 555-568.
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It is usually not an easy job to compute explicitly the (inverse) Fourier trans-
form of some given function. We present some typical examples below, where
the solutions are understood in the distribution sense.

4.1.1 The ODE example revisited
We search for solutions of the ODE (@) on the whole line R:

—u"(z) +u(x) = f(x), zeR. (4.75)

Method 1. ODE theory. The fundamental Solutions.E of the homogeneous
ODE —u"(x) 4+ u(x) = 0 are

where ¢(x) — 0 as x — —oo and (z) — 0 as  — 0. Their Wronskian is

W(,v) =o' — ¢'p = —2.

The Green function, as tempered distribution §’'(R) (with y viewed as pa-
rameter), is

B (x)P(y)
_—W(awy) forx <y |
G(ﬂ?,y) = = §€_|x_y|.
——%/()f%) forx >y

Thus the solution of () is the convolution of the Green function and the
source term

1

ule) = 3 / e () dy. (4.76)

Method 2. Fourier transform. Applying Fourier transform to
~FE'"+E=6 xR

yields

(E+1)EE) = or §eR.

"0The fundamental solutions are for ODEs, which are different from the definition ()
above.
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Recall () that the Fourier transform of the function /% e~lolis
the fundamental solution of () is

1 1 1

cd

F1 e
V27T ( 14 &2 ) 2
Hence the solution is the convolution

L,
u(e) = (B+ f)(w) = ge 1o f,
which coincides with ()

E(x) =

1
14+¢2

. Thus

To conclude, we can formulate the solution of () in a compact way that

uw(z) = (1 — 0p) * f,

where (1 — 0p,)7 ! = (%e"")* denotes the resolvent of the free Schrodinger

operator
d2
Hy=——: H*R) - L*(R
0=~ H'(R) - L’(R)
at —1. Note also that

G(z,y) =1, E(x) = . E(y),
and hence
(1 - azz)G(ay) = Ty(l - amz)E(x) = Tyé(x) = (5(1‘ - y)a

1 e W
FuseG (1Y) = NS e

4.1.2 Cauchy-Riemann operator

Let z = x 4+ 1y € C, such that
=i Lot 2) -
Z =T —1 r = —\Z zZ = — (22— Z
y? 2 ) y 2/[/ )

and hence

0. = 50— 18)), 6= (0.t id),).

(4.77)

Define the Cauchy-Riemann operator as 0s, and we search for the fundamen-

tal solution of the Cauchy-Riemann operator

%(&x +i0,)E =96, (v,y)eR>.

"'The Cauchy-Riemann equations for some complex-valued function F(z) = u(z,y) +

OpU = Oyv,

= —pv. which is equivalent to 0z F = 0.
y — 7 Ul

iv(z,y), u,v € R refers to {
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Applying Fourier transform with respect to y-variable yields the following
equation for E(x,n) = F,(E(z,y))(x,n):
1, - 1 - 1
-0, FE(x,m) — =nE(x,n) = —4d(x) ® 1(n).
50eE(w,n) = onE(z,n) m()@)(n)

Therefore
1 ~ 1 1
=0y (e7E) = —e 6 1(n) = —=4¢ 1(n),
S0u(1E) = e 8() © 101) = —=b() © 101
and we derive from () 0. H(x) = 6(x) that

%e_mE(ZL‘, 77) = \/—Q?(H(I) + C(T])),

that is,

A

E(x,n) = \/%(H(x) +C(n))e™ = { ,

The restriction that E € §'(R?) requires that

0, <0
con={ % 150

n=0
and hence
. —Z_H(x)e™" n<0
E(x,n) = Vi 7:):
(@) { Z(H() - Dem, >0

We compute its inverse Fourier transform with respect to the variable 1 to
arrive at the explicit formulation of the fundamental solution

E(z,y) = i(/0 eV H (z)e™ dn + /000 eV(H(x) — 1)e™ dn)

2m\J_,

1 1 1 1 1 11
:—(H(:c) —  (H(z)—1) ,):— = - (4.78)
T T+ T4y Tr 1y Tz

Thus the function

u=Eef= [ o fww,

™ JcR—W
when it is well-defined (e.g. if f € D(C)), solves the inhomogeneous Cauchy-
Riemann equation

osu= fon C.

Note that adding any holomorphic function to u yields another solution.
Hence, the solution is not unique. To obtain uniqueness, one typically im-
poses suitable additional conditions, such as appropriate boundary conditions
or growth conditions at infinity.
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Boundary value of E. Formally, lim, o E(z,y) = lim, g %ﬁ =11

but is it true? For any fixed  # 0 such that the denominator never vanishes
for all y € R, this pointwise convergence is valid. However, we can not simply
take the limit in the expression of E, as it is not defined pointwisely, and
in particular not at (0,0). It is locally integrable and hence a tempered
distribution in &'(R?).

We compute the limit of E as y — 04 in the sense of distribution. Firstly,
for any fixed y # 0, E(-,y) € L{ . (R) = 8'(R). Then since

loc

L x—uy T oy

= = —1 )
r4iy  x?4y? a?4y? a4y

we apply the tempered distribution E(-,y) (with y viewed as a parameter)
to a real-valued Schwartz function ¢(z) to arrive at

(E(y), hss = - / T () dr ik / Y (@) da

T Jr 2% + y? T Jp 22 + 2
1 [ =z 1 y?
= — — —p(—x))dx —i— — 2 p(yt)dt
7r</0 {EQ +y2 (gp(x) SO( [E)) i Zﬂ_SgIl (y)\/ﬂ{yz(tg + 1)¢(y )
y—04

11
— Vo (== F 10(0).
pv.(C0)e) T ig(0)

by use of the definition () of the tempered distribution p.v. (£1). There-

fore we arrive at the Plemelj formula
lim B(r,y) = pv. (- ) F id(x) (4.79)
im E(z,y) =p.v.(——) Fid(x :
Oy Y p - + )

which holds in the sense of distribution.

[Oct 28, 2026]
[Nov 3, 2026]

4.1.3 Laplace equation on the upper half plane

We are going to solve the Dirichlet problem of the Laplace equation on the
upper half plane:

{Au:() ifreR, ye(0,00),

u=f ifreR, y=0, (4.80)

by use of the fundamental solution of the Cauchy-Riemann operator given
above.
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Hilbert transform. w.r.t. variable x € R. Recall the definition of con-

jugate function ([L.28), and we can define the counter version on the whole
line R:

H(f)(x) = F~ ((sem (€)F(0). (4.81)

Recall () Fpv.i1) = isen ©) and therefore if f € S(RY),

\V2or
H(f)(x) = p.v. éb wf—py L (71O

TJ)_ X —S

ds, (4.82)
which is understood as ()

T e Y

This is called Hilbert transformi3 # - f — H(f). It is a Fourier multiplier
operator with the symbol

m(E) = Lsgn (€),

]

which satisfies

o Isometry on L*(R): By Plancheral’s identity,
[H()omy = IHD) oy = 17 32m = 11122
e Unitary and involution on L?*(R):
H =HH=-1d, H'=H'=-H.

Similar as the LP-boundedness of the conjugate function of f € LP([—m, 7)),
p € (1,00), the Hilbert transform is also bounded in LP(R), p € (1,00).
It can follow from the celebrated Mihlin-Hormander multiplier theorem

David Hilbert (German, 1862-1943), Uber eine Anwendung der Integralgleichun-
gen auf ein Problem der Funktionentheorie. Verhandlungen des Dritten Internationalen
Mathematiker-Kongresses in Heidelberg vom 8. bis 13. August 1904, edited by A. Krazer,
B. G. Teubner, Leipzig, 1905.

Godfrey Harold Hardy (British, 1877-1947), Notes on some points in the integral calculus
LVIII: On Hilbert transforms. Messenger of Mathematics, vol. 54, pp. 20-27, 1925.

"Solomon G. Mihlin, On the multipliers of Fourier integrals. Doklady Akademii Nauk
SSSR 109, 701-703, 1956.

Lars Hormander, Estimates for translation invariant operators in L? spaces. Acta Math-
ematica 104, 93-140, 1960.
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regarding the LP(R) boundedness of Fourier multiplier operators associated
with sufficiently decaying symbols: Let m(§) be a complex-valued bounded
function on R\{0} such that

1 3
M := |m|| e + sup <§/R . 2R(|m(g)|2+|Bm'(g)|2) dg) <. (4.83)

R>0

Then the associated Fourier multiplier operator M : f — F~1(m(&)f(€)) is
bounded on LP(R), p € (1,0), with bounded operator norm as

1
Mz @®)~Lr@) < Cmax {p, pTl}M'
The symbol m(&) = —isgn (&) of the Hilbert transform satisfies ()

Cauchy integral, w.r.t. variable z €¢ C* or C". Let z € C" be a
complex number in the upper half complex plane, and let f = f(s): R — C
be defined on the real line. Then the Cauchy-type integral on the real line
reads

1 [” f(s
Py =— [ 1Y

2mt J_ o s — 2

ds.

If f is a regular (say, Hoélder continuous) function, then F, (z) is a holomor-
phic function on C*. Similarly we can define a holomorphic function F_(z)
on the lower half complex plane C™.

Recall (@) E(z) =11 andforany y # 0, E(-,y) € L”(R) € S'(R). Then
if feS(R),

1 ol f(s) ) "
Fi(z)= E(’y>xf_27r/R(x—s)+ide’ ify>0<2eC",

B il fGs) o
F_(Z)__E("w*ajf_27T/R(x—s)+iyds’ fy<0sz2eC .

The Plemelj identity () limy, g, F(z,y) = p.v. (1) F id(z), and the
definition of Hilbert transform (@) H = (p.v.£1)x lead to the following
behaviours of Fly(z) approaching the real line:

Jim FL(2) = 3 lim (Bl — ), s = 5 () + SHI@) -
T F(2) = £l (Bw = 0), s = —5(2) + SH()(z).
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The limits are NOT the formal limits by simply replacing z by x:

o [ 4o = D,

V.
P 2mi J_ oy s —
but rather with additional correction terms i% f(z), which correspond to half

the residue of g at the point (z,0), anticlockwisely resp. clockwisely. The
jump of the two limits on the real line is the function itself

lim Fy(z) — lim F_(2) = f(x),

y—04 y—0-
while their average is the Hilbert transform (up to 4):

lim Fi(z)+ lim F_(2) =iH(f)(z).
y—04 y—0_
The functions F (z) are the solution of the classical Riemann-Hilbert problem:

Given a regular (smooth and decaying) function f(z) on the real line, find a
function F(z) such that

« Holomorphy: F(z) is holomorphic on C* and C;
« Decaying property: F(z) — 0 as |z| — o0;

e Jump condition: The boundary values from above F, and from below
F_ on the real axis satisfy the jump condition

F.(z)—F_(x)= f(z), zeR.

The Fourier transform of the Plemelj identity () is

F(Jim Fo(2))(6) = 350 + 5(~isen (€)F(€) = 1e-of €),
F(Jim F-(2))(€) = 54 + 5(=isen €)F(©) = ~1e<o (©)

which resembles the Fourier transform of the Riesz projections Py (f) in
(I@), (I.30): The Riesz projection Py (f), as the boundary value of Fy(z)
on R, filters the positive resp. negative frequencies of the function f. The
Hilbert transform, with symbol —isgn (§), provides a § degree phase shift at
all negative frequencies, and a —% degree phase shift at all positive frequen-
cies.
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Poisson kernel, w.r.t. variable x € R and parameter y € R*. Let us
revisit the limits () in terms of Poisson kernel and its conjugate.

Let f be a real-valued function, z = = + iy and we separate the real and
imaginary parts of the function F,(2):

<

Fy(z) = %E(',y)  f = %/_c: mf(s) ds

1 [* T — 5 1

g » mf(s) ds =1 5 (Py* f)(2) + 5(Qy * f)(2),

where P,(-) denotes the Poisson kernel

Ly
P,(x) = T " = —Im[F], (4.85)
and the conjugate Poisson kernel reads
1 =z

The Plemelj identities () imply then

Py*f_)fa asy—>0+,
Qy=*f—H(f), asy — 04,

The C()élvergence is rigorous in LP(R), p € [1,00): For any f € LP(R), p €
[1,0),

y—04

—0
|Py+ f— floe@ =70, |Qy* f—H(f)|ow =" 0.

Indeed, similar as the Poisson kernel (P;),ep0,1) given by () on the disk,
the Poisson kernel (P,),~ on the upper half plane is an approximate identity
satisfying ([1.34): For y > 0,

Py(x) = §P1<§>7

and thus

1 [ 1 1
/pr dz = ||PyHL1(R) = leHLl(R) = ;/_OO $2 I 1 der = ;arctan(ar)\o_ooo =1.

" The endpoint case p = o0 is excluded.
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Furthermore, for any fixed § > 0,

)

1 _s
/|| P)(z)dx = - (arctan(x)\%o + arctan(x)\_&) —0asd — 0.
z|>0 y

To conclude, the convolution
u(z,y) =Py« f

solves () in the sense as for ([L.35) in Subsection .

4.1.4 Poisson equation

For given source function f = f(z) € D'(R?), we aim to solve the Poisson
equation

Au= f on R?. (4.87)

Case d =2 In terms of the complex variable z = z + iy on R?, the Laplace
operator becomes (recalling (@))

A = Oy + Oy = (05 — 10,)(0y +10,) = 40,05 =: 400.

Recall the fundamental solution ({£.7§):

= =11
0B = 8(>5) = 0(2).
Since
o logl2l) = -+ = 1 F»
we have
A(zilog o) = 43(LE5) = 6(2).
T 4

That is, the Laplace equation AE = ¢ has the fundamental solution

1 Y
EA(Zan) = %log r? + 27 J,’,yER, (488)

and the convolution
U(l’, y) = EA * f

71 [OCTOBER 28, 2026]



solves the Poisson equation () on R?. Notice that the fundamental so-
lution Ej of the Cauchy-Riemann equation is four times the derivative of
EAS

E5 =40,Fn,
the Poisson kernel is twice the normal derivative of Ea:
P,(x) = —Im [E3] = —Im [40,EA| = 20,Ea,
while the conjugate Poisson kernel is twice the tangential derivative of Ex:
Qy(r) = Re[E3] = Re[40,EA] = 20, Ea.

Case d > 3 The fundamental solution £ = Ea of the Poisson equation
(4.87) satisfies AE = ¢, and thus

—l¢PE(E) = (2m)7%.
By virtue of () F(Jx|79) = c|¢]”~4, o € (0,d), for some constant ¢ € R,

we derive

vl

E(x) = cqlz|74?, for some ¢y e R.
We now compute c4: Since for any ¢ € S,
(E,)ss =B, F ' p)ss,

we take ¢ = e~z1” the Gaussian function to derive

1 2 ]. 1 2
cd/ |z le 2l dr = —(2m)~ / —Qe’#‘ d¢.
R< R [€]

Let wq denote the area of the unit sphere §?, then the left hand side is

ol

o0
1,2
cdwd/ re 2" dr = cqwy,
0

and the right hand side is
d ®© 1,2
—(27?)2wd/ ri 372" dr.
0
We conclude by integration by parts and induction argument that
d © d—3 1.2 1
cqg = —(2m _2/ rf e 2" dr = —————.

|27d

Finally the convolution u = E = f = ¢4 - « f solves the Poisson equation

(@) on R, d > 3.
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4.1.5 Heat equation

Consider the initial value problem for the heat equation
S — Au=01n (0,0) x R?,  ul—g = f(x) in R%. (4.89)
We search for the fundamental solution in S’'(R*"!) satisfying
OE — AE =6(t,x), Eli—g=06(z), (t,z)eR¥".
Applying Fourier transform with respect to the x-variable yields
0L +|EPE = (2m) 25() ® 1), Elmo=(2m)7%, (1§ eRM.

Thus

d
2

[NJisH

O E) = 2m) 2 (0 H(1) ®1(E), (M E)|img = (27)72,  (1,€) e R
— PR = (27) T H(t), (¢¢) e R
— B = 2n) tHb)e ¥, (t,¢) e R,

Therefore
T
(2m) s F L, (72 @0 = §4w:)t%’ t>0,
E(t,z) = 5(z), F=0.
0, t < 0.

To conclude, the fundamental solution F;(x) = E(t,z) is a Dirac sequence
parametrized by t > 0:

||

E@:;Sfﬁ&meW»
we) 2

and the convolution

1 _lz—y? d
u(t,x) = E(t, )« f = (47rt)% /Rde w f(y)dy, (t,z)e (0,00) xR

satisfies the initial value problem () in the usual sense.
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